Q7: Find thesmallest integer n with initial digit 1 such that, if theinitial digit ismoved to the
end, theresulting integer is3n. Find all possibleinitial digitsfor which this can occur.

1. Solution

As a clue how to approach this problem, supposatingber N we seek is, as a decimabd....xyz.
Then 3N =abc...xy2. To get 1 in the least significant digit of 3Mg need 3= 1K+1 whereK is an
integer between 0 and 9, corresponding to the ¢eony units to tens. Now the 3 times table rung,0,
6,9, 12, 15, 18, 21, 24, 27 and the only multgfl@ whose least digitis 1 is 7: 7x3 = 21. (This
uniqueness is because 3 and 10 are coprime.) Weede¢haz = 7 and the carry is 2. Sg& has a
least digit 7, meaning thgt=5. And so on until the leading digit becomesvihen we stop.

To put this on a more formal footing, suppose thafexpressed to base 10) has k+1 digits:

N = a10+ 3110+ .... + 10+ a&.

Then 3N = 3ald‘+ 3a.1.10 + ... + 30a+ 3a. 1)
But we are told that 3N has the property
3N = 3_1.10° + 3».10%.... + 100a+ 10a + a. 2)

Where a simultaneous solution to (1) and (2) exibesdigits may be determined in the ordgiag ....
ac by equating (1) to (2) mod i,(for p = 1 to k+1. Thus we have

p=1 3a=amod 10
p=2: 30a+ 3a= 10a + & mod 100
30a= 7a + & mod 100
p=3: 300a= 70a + 7a& + & mod 16
p=4: 3,000g= 700 a + 70a + 7@ +a mod 1¢
p=>5: 30,000¢= 7,000 + 700 a + 70 + 7a + & mod 16
p = 6: 300,000g= 70,0004 + 7,000g + 700 a + 703 + 7a + & mod 16

and so on, solving for eachia turn until a= a..

In the given case oka& 1 the sequence of equations is solved as follows

p=1: 3a=1mod 10 so @ 7 ( a unique value since 3 is coprime to 10.)
p=2: 30a= 7a + 1=50 mod 100
3a = 5mod 10 so@= 5.
p=23: 300a= 70a + 7& + 1 = 400mod 16
3a =4 mod 10 so a= 8.
p=4: 3,0008= 6,000 mod 1¢
3az=6mod 1Goa=2
p=5: 30,000&= 20,000 mod 10
3 =2 mod 10 soga= 4
p =6: 300,000a= 300,000 mod 16soa=1=a

and the sequence can be terminated. Hence N 834dhd 3N = 42,8571. The manner of calculation
ensures that it is the lowest integer with the meguproperty.



2. Similarity to Recurring Decimals

Here is another way to look at the numbers N and SNppose there exists a recurring number
[abc .... xyz][abc .... xyz][abc .... xyz]... where the vegng section is denoted by the brackets [..].
Then N could correspond to the integer formed Ipg [a.. Xyz] and 3N to the section [bcd .... yza],
which is a cyclic permutation of [abc .... xyz]. fahs of recurring digits occur in the decimal
representation of any fraction whose denominatoomime to 10. Some examples are

1/7 = 0[142857]

1/11 = 0[09]

1/13 = 0[076923]

1/14 = G0[714285]

1/17 = 0[0588235294117647]
1/19 = 0[052631578947368421]
1/28 = 003[571428]

You will notice that 142857 obtained from 1/7 ig ihteger N found is 81 above. Multiples of 1/7
have these decimal representation :

1/7 = 0[142857] 4/7 = 0[571428]

2/7 = 0[285714] 5/7 = 0[714285]

3/7 = 0[428571] 6/7 = 0[857142]
Table 1

The reason that each is a cyclic permutation oatiaher is as follows. We are dividing 7 into
1-0000000.... so the remainder at each step of thsialivprocess produces a multiple of 10 at the
next stagee.g.. 10 + 7 =1 rem 3, then 30 + 7 = 4 rem 2, etes goprime to 10 so the remainder on
division of 1, K from 0 to 6, is unique. Once one remainder i€ifjpd, the next remainder is
uniquely implied, so exactly the same unendingrtlohiquotients and remainders is produced from
any starting point.

The fact that there are 6 six recurring digits onsibn by 7 arises from the cyclic group of intege
remainders (3, 2, 6, 4, 5, 1) generated BymM06d 7. To each remainder corresponds a quosent,
there is a cycle of six digits in the recurring ideal for 1/7.

3. Note on recursion lengths of decimal representations of fractions

1/7 achieves the maximum possible order of 7-Xc-tBe cyclic group. As a tangential comment,
examination of the length of the recursion sequémciecimal representations of 1/n, n an integer,
shows that relatively few achieve their maximumsplole order of (n —1); examples are the primes 7,
17, 19, 23, 29, 47,59, 61, 97 and 193. The remursequence for the larger numbers such as 193
consists of a string of pseudo-random digits aedefore is a type of random number generator.

Some other integers have recursion lengths lesstkigamaximum (n—1), but which nevertheless
divide n—1. For example 1/13 has recursion leggihich divides 12, and 1/37 has length 3 which
divides 36. Some even denominators have lengthdwide (n/2 — 1p.g.1/34 has length 34/2-1 = 16
and 1/58 has recursion length 58/2 — 1 = 28. Othave a more complex relation toeng.1/49 has
recursion length 42 and 1/169 has length 78.



Though 1/13 has a recursion length of 6 rather ffants multiples generate/o sequences, A and B,
of recurring decimal digits:

1/13 = 0[076923] A 7/13 = 0[538461] B

2/13 = [153846] B 8/13 = 0[615384} B

3/13 = 0[230769] A 9/13 = 0[692307] A

4/13 = 0[307692] A 10/13 = 0[769230] A

5/13 = 0[384615] B 11/13 = 0[846153] B

6/13 = 0{461538] B 12/13 = 0[923076] A
Table 2

The A and B sequences are symmetrically placedtaldia8. There is scope to explore this topic
further.

4. Generalisations of the original problem
The given question is clearly capable of being gaised; for example
& becomes other than 1
the multiplicative factort, becomes other than 3
the base for representing the integers becomes thidue 10.
Carrying through the earlier method of solutioreqtiations (1) and (2) for the cage=a2 andt = 3
yields the solution N = 285714, 3N = 857142. Rexfiee to Table 1 shows that N is the integer part of
2/7x 10°. This table also shows that a solution is omiggible for a= 1 or 2 since any larger value
of & would give 3N exceeding 7/7 and thus introducatadal digits into N and 3N which are not in
the cycle (142857).

To illustrate this last point consider the case @ with t = 3.

Caseax =4
4 is in the group (142857) but neverthelgss 4 also fails to give a solution:
p=1: 3a=4mod 10 so @ 8
p=2: 30a= 7a +4=60 mod 100
a = 2mod 10 soe= 2.
p=3: 300a= 70a + 7a& + 3 = 200mod 16

3&=2mod 10 so a= 4.
We have arrived ajj & a.and generated N = 428, buk328 = 1284, not 284. This corresponds to
4/7x 3 = 12/7 = 1-71428%here the leading (integer part) 1 is an addifioligit not in the cycle.

Variants of the question posed, however, are reggiherated. For example, we see that a
multiplicative factort of 2 yields solution pairs derived from the pafdractions (1/7, 2/7), (2/7, 417)
and (3/7, 6/7) if in each case the finsb digits are moved to the end of the numeral. Kkanele,
285714x 2 =571428. Similarly a factor bfE 5 gives a solution to the reverse permutatiomo¥ing
the rightmost digit to the leading positioniz. 142857x 5 = 714285.

Prime numbers other than 7 furnish sequence afsdigim the recurring part of their decimal
representation which can provide similar cyclicgedies on multiplication. We have multiples of
1/13 in Table 2 above, and the values for 1/19rafl@ble 3 below.



1/19 = 0[052631578947368421] * 10/19 = 0[526315789473684210]

2/19 = 0[105263157894736842] * 11/19 = 0[578947368421052631]
3/19 = Q[157894736842105263] 12/19 = 0[631578947368421052]
4/19 = 0[210526315789473684] * 13/19 = 0[684210526315789473]
5/19 = 0[263157894736842105] 14/19 = 0[736842105263157894]
6/19 = 0[315789473684210526] 15/19 = 0[789473684210526315]
7/19 = 0[368421052631578947] 16/19 = 0[842105263157894736] *
8/19 = 0[421052631578947368] * 17/19 = 0[894736842105263157]
9/19 = Q[473684210526315789] 18/19 = 0[947368421052631578]
Table 3

Thus
2x052631578947368421 = 1052631578947368422, last digit moved to leftmost position)
2x105263157894736842 = 2105263157894736842 last digit moved to leftmost position)
The fractions marked * form a sequence in whichbdiog the integer corresponds to moving the least
digit to the leading position. (Note that in thrgginal problem the leading digit was moved to the
least significant position.)

Other patterns can be picked out. For instancetwit5 and the leading two digits moved to the two
rightmost positions

5x 105263157894736842 = 526315789473684210 and
5Xx157894736842105263 = 789473684210526315

One can thus construct many ‘problems’ similaiat given.

John Coffey



