7
Singular integrals

Up to now we have considered only integrals of bounded functions
over bounded intervals. We now wish to allow the possibility of
integrating unbounded functions over unbounded intervals. Many
of the more interesting integrals of analysis come into this category:
for example, the Laplace transform F(x) of f(¢) is defined as

F) = [ e ar
4]
and the continuous factorial function x! is defined as
x! =f e " dt.
0

We shall call integrals such as these singular integrals and classify
them into three kinds. Singular integrals of the first kind are those
which involve integration of a bounded function over an unbounded
interval, e.g. [T dx/x. Singular integrals of the second kind will
involve integration of an unbounded function over a bounded
interval, e.g. [{dx/x. Integrals of the third kind combine the
characteristics of the other two kinds, e.g. [§ dx/x.

We shall refer to points near which an integrand is unbounded as
singularities, ¢.g. [} dx/x has a singularity at x = 0. Integrals such as
{2 dx/x, where there are no singularities and the range of integra-
tion is bounded will be called ordinary integrals.

Singular integrals will be defined by regarding them as limiting
cases of ordinary integrals. We shall have to allow for the possibility
of non-existence of limits by introducing the notions of convergence
and divergence.

7.1 Definition

Suppose that f(x) is continuous for all x =a, where a is fixed. We
say [7f(x) dx converges, or is convergent, if
X

lim | f(x)dx

X
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exists and is finite. When [7 f(x) dx converges we define its value
also denoted by [~ f(x) dx, to be

[ ey s = tim [ T f) d.

>

If [7f(x)dx fails to converge, we shall say it diverges, or is
divergent. a

7.2 Example
fdx/x“ (o fixed).
1

We have

X

Jde x—oz+1
1 X —a+1

X—a+1_1
-+l

1

— as X —» woif ¢ >1,
a—1

%0 as X —xif o <l.
Ifa=1,
de X
flyzlogx
=logX

— as X — =,

1

Hence, 7 dx/x® converges if o >1, and diverges if @« =<1. For
a > 1 we have
fxdx 1
e O
1 X a—1
7.3 Exercises
1. Which of the following integrals converge? Find the values of

those which converge.
(iii) f dx
0

1+ x?

(i) J'xe"”dx Gy [ &

O 1+x
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2. Show that if f(x), g(x) are continuous for x =a, and [ f(x) dx,
[~ g(x) dx both converge, then also [Z(af(x) + Bg(x)) dx converges
for any constants «, 8 and its value is given by

Lx(af(X)+ﬁg(X))dx = osz(x)dx +ﬂJ:g(x) dx.

3. Show that, if f(x) is continuous for x =a, and if b >aq, then
= f(x) dx converges if and only if [7 f(x) dx converges. O

7.4 Definition

Suppose that f(x) is continuous for a <x < b, where a <b are fixed.
We say [2f(x) dx converges, or is convergent, if
b

lim f(x)dx
=0+ Jois

exists finite. When [2f(x) dx converges, we define its value, also
denoted by [ f(x) dx, to be

b

| fbf(x)dx=£li)rg1+ f(x) dx.

If [2f(x)dx fails to converge, we shall say it diverges, or is
divergent. O

7.5 Example
Jidx/x® (« fixed).

We have
ldx x—a+1
L )FY: —a+1

1

£

1___8—a«+1
T e+l
S as £—0,if <],
1-«
o as £—> 0 ifa>1
fa=1,
ldx 1
j——=logx
e X €

= —loge

— o as e — 0.
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Hence, [}dx/x® converges if <1 and diverges if a =1. For
a <1 its value is
j Tdx 1
b x¢ 1—a
Observe that, for @ <0, [} dx/x¢is an ordinary integral. O

7.6 Exercises

1. Say which integrals converge and find their values.

1
1) f log x dx (Integrate by parts)
0
i
(ii) f tan x dx
0

1
dx . .
(iii) J—1 V-2 (Substitute x =sin ¢).

2. Show that if f(x) is continuous over a < x < b, then

04+

b b
lim f flx)dx =f f(x)dx
a+e a
where [ f(x) dx is the ordinary integral. |

For integrals of the third kind we split the range of integration up
to produce a sum of integrals of the first and second kind. We say
they converge when all the component integrals converge, and the
value is the sum of the values of the components.

7.7 Example

fodx/xe
Write

Lol

o) et Te

0o X o X 1 X

The first integral diverges for all a=1 (7.5), and the second
diverges for all @ <1 (7.2), so [ dx/x diverges for all . O

We will give examples of convergent integrals of the third kind
when we have developed a few tests for convergence.

The theory of convergence of singular integrals has many
parallels with the theory of infinite series. We shall carry over much
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of the terminology and develop the theory in analogous fashion. For
example, we shall begin by considering integrals with positive
integrand. These are the analogues of series of positive terms. Later
we define a notion of absolute convergence for integrals with
general integrand. Also, we shall show there is a strong connection
between integrals [T f(x) dx of the first kind, and the corresponding

series 1,7 f(n).

7.8 Theorem

Proof

If f(x) =0 and is continuous for all x = «, then [ f(x) dx converges
if and only if [¥ f(x) dx is bounded for X = a.

If we write F(X) = [¥f(x)dx, then F(X) is an increasing function
of X, so converges to a finite limit or diverges to infinity according
as it is bounded or not. O

The corresponding theorem for integrals of the second kind is
that, if f(x)=0 is continuous for a<x=<b, then [2f(x)dx
converges if and only if [2,, f(x)dx is bounded for >0 (&<
b —a).

7.9 Comparison test

Proof

If 0=f(x)=<g(x) are continuous for x =a, then convergence of
I7 g(x) dx implies convergence of [ f(x) dx.

If [7g(x)dx converges, then, by 7.8, [¥g(x)dx is bounded for
X = a, but therefore [¥ f(x) dx is bounded for X = a, since

| ) de= I Cetdr,

and hence, by 7.8 again, 7 f(x) dx converges. d

7.10 Corollary

Under the same hypotheses, the divergence of [ f(x)dx implies
the divergence of [ g(x) dx. O

7.11

712
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Examples

1. [fdx/(1+x)
For all x =1 we have
1 1
2_
l+x 2x
and [7dx/2x is divergent (see 7.2, 7.3). Hence [7dx/(1+x) is
divergent by the comparison test (7.10).
2. [Tdx/(1+x?).
For all x =1 we have

1 1
S _
14+x? x?
and [dx/x? is convergent (see 7.2). Hence [7dx/(1+x2) is
convergent by the comparison test (7.9).

Both the above integrals can of course be treated by going back
to the definition (see 7.3). d

Exercises

1. Discuss the convergence of the following integrals.

0 [

1+x3

(ii) J;x e dx (e~ =e™™).
2. Show that, if 0=<f(x) < g(x) are continuous for x = a, then
[ o= sa
with the obvious interpretation if either integral diverges.

3. Formulate a comparison test for integrals of the second kind
and use it to discuss the convergence of the following integrals.

bl

17 Ay
(1) J’ ——  (sinx =x)
o sinx

(! dx
(it) fo l“og 1+ (log(1+x)=x) O
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7.13 Definition

Suppose f(x) is continuous for x =a. We say the integral [ f(x) dx
is absolutely convergent, or converges absolutely, if [7|f(x)|dx
converges. O

7.14 Theorem

Absolute convergence implies convergence.

Proof Let
fHx) =max {f(x), 0} =3(|f (x)| + f(x)),
f7() =max {=f(x), 0} = 3(|f (x)| — f(x)).
Then f*(x), f~(x) are continuous and
frx)=0, f~(x)=0,
[T —f () =fx),
fr+f =)l

Therefore f*(x)=<|f(x)|, f~(x) <|f(x)| and so, by the comparison
test, [Zf*(x)dx, JZf (x)dx both converge. Hence [7f(x)dx
converges by 7.3. O

7.15 Examples

“sinx “cosx
[nrg, [,
1 1

x?2 x?

We have
sin x

x2

for all x=1, so [7(sinx)/x*>dx is absolutely convergent by the
comparison test, and therefore convergent. Similarly for [7 (cosx)/
x2dx. O

7.16 Exercises

1. Show that the following integrals are absolutely convergent and
find their values.
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(1) f e sin¢ dt (ii) f e Mcostdt (x>0)
0 0

2. Show that, if [7f(x) dx is absolutely convergent, then

[ rerax|=[ troofax

3. Formulate a definition of absolute convergence for integrals of the
second kind, and prove absolute convergence implies convergence.
O

7.17 Definition

I f(x) dx is conditionally convergent if convergent but not absolutely.

(]
7.18 Example
smx . ..
f is conditionally convergent.
Proof Integrating by parts we have
sin x cosx |¥  [Xcos
[
X 1 1 X
cos X (¥cosx
=cos | — - dx
X . x?
“cosx

->cosl—f T dx
1 X

as X — «. (See 7.15.) Hence [ (sinx)/x dx is convergent.

However,
sinx| sin’x 1—cos2x
= = ,
X X 2x
and
X1 —cos 2x X cos 2x
= dx
1 2 x

as X — o, since [T (1/x)dx is divergent, and J7 (cos2x)/x dx is
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convergent (by the same argument as that used above to prove
J7 (sinx)/x dx is convergent). Hence, by the comparison test,
[7 (sinx)/x dx is not absolutely convergent.

7.19 The gamma function

We shall now illustrate the techniques of testing integrals of the
third kind for convergence by giving a treatment of the integral
fo e dt for x > —1.

If x =0, we have an integral of the first kind.

If x <0, we have an integral of the third kind with a singularity at
t=0.

Consider [ *e " dt.

We have

e t= (txe—%l)e—%t
and r*e % — 0 as t — o therefore there exists M such that
re <M
for all ¢ = 1. It follows that
e f< Me ¥

for all t=1. Hence [7r*e~"dr converges for all x by comparison
with [* e~ dt (see 7.3).

Now consider [} e~ dt.

We have

txe—t =< tx

for all 0sst=<1, and [} ¢* dt converges for x > —1 (see 7.5). Hence
{L#*e~* dt converges for all x > —1 by the comparison test.

Observe that, for any integer n = 0,

1, =J e dr
0

=—te ' |5+ nf et de

0
=nl, ,

n

=nll,
=n!

So it is natural to define

x! =J e ' dt
0
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for all real x > —1. Alternatively one defines the gamma function

=

I'(x) =J rle~t ds
(8]

for x >0, so that I'(n) = (n — 1)! for all integers n = 1.

7.20 Exercise
Show (=3)!'=2f¢e " dt(= V). O

7.21 Integral test (for series)

If f(x) = 0 is continuous and decreasing for x = 1, then convergence
of the integral [T f(x) dx is necessary and sufficient for convergence
of the series Y.7 f(n).

Proof We have
fln+)<f(x)<f(n)

for all n <x <n + 1. Therefore

n+1

fln + 1) dx < J:Hf(x) dr < L"Hf(n) dx,

n

i.e.
fo+ = [ f de=sin)

Therefore, if we sumover n=1,2,..., N, we obtain

N+1 N+1

g f(n) = 1 f(X)dx<2f(ﬂ)-

It follows that Y7 f(n) is bounded over N if and only if [¥ f(x) dx is
bounded over X. Hence the series L7 f(n) converges if and only if
the integral [7 f(x) dx does. O

7.22 Example
Li(/ne).

The function f(x) = 1/x * satisfies the conditions of 7.21 if a = 0.
Therefore, by 7.2, we find Y7 (1/n®) is convergent if a > 1, and
divergent if O0<sa=<1. In fact, X7 (1/n%) diverges for all o<1,
since, for a <0, the nth term 1/n % 0. O
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7.23 Euler’s limit

The sequence (v,), where
1
V,=1+34+--+——logn
n

is decreasing and satisfies 0 < y, <1 for all n, hence is convergent to
a finite limit y, also satisfying 0<y =<1, as n — . y is known as
Euler’s constant and its value is 0.577 to 3 decimal places.

To justify these assertions, we argue as in the proof of 7.21 for
the particular case f(x) = 1/x. We arrive at the inequalities

S
2 N 1 X 1 R

which give
1
(logN<)log(N+1)<> —-<1+logN
1 R

and therefore 0 < Y~ =1. To show vy, decreases, we observe that

1
}/,,—Y,,+1————+1—logn+log(n+l)

f ()

since the integrand is positive. O

7.24 Estimates of Y.V (1/n)

The above analysis can be used to give us some idea of how large
the partial sums of the harmonic series Y7 (1/n) are. We know this
series diverges to infinity. We shall see, however, that it does so
remarkably slowly.

In fact,

N

1
zgzyN+logN

1

=1+logN.
Now log 10 =2.3026 to 4 decimal places, so e.g. %1% (1/n) <6,
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1 (1/n) < 15. On the other hand, we also have

51
> —=y+logN,
n

1

which shows that, if e.g. we want Y,V (1/r) > 100, we require N to
be in the region of €'®~7 =1.51 x 10" to 3 significant figures.

7.25 Rearrangements of X7 (—1)""/n

We can use Euler’s limit to find the sum of the alternating harmonic
series 2,5 (—1)""!/n, and various rearrangements of it, as follows.

2N 1 1
_1\n—1 =1_A+l_4+ e
§1:( " ln 27374 ON

N
= 2 (1/n) - 2 (1/n)
= (IOg 2N + VzN) —(log N + yy)
=log2+ yon — Y~
— log 2

as N — », Hence X7 (—1)""!/n =log?2.
Consider ¢.g. the rearrangement

T+i—1+1l4l-14.

The 3Nth partial sum is
1 1 1

+ —_—
TAIN-3TaN—1 2N
4N 2N N
=2 (Un) =32 (/n) =42 (1/n)
1 1 1
= (log 4N + y,y) — 3(10g 2N + y,5) — 3(log N + v,)

=310g2+ Y4n — 3Von — 37w
—3log2

1+i-4+1+4-1+-

as N — =, Hence
I+3—t+i+4—4+---=3log2. O
7.26 Miscellaneous exercises

1. Discuss the convergence of the following integrals.

Q) fsinaxdx (a>0) (i) J-lxsin(xz)dx
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(iii) f x sin (x%) dx (iv) f Y dx
1 0 X
' 1 in

(v) | —sin (;) dx (vi) J secx dx

o X 0
T 1

(vii) f log sin x dx (viii) f logx dx
0 0o X

2. Does [7f(x)dx convergent imply f(x) — 0 as x — >=? In gene-
ral? If f(x) is decreasing? If f(x)=0?
3. Show that

iz i
f logsinxdx=f log cos x dx (u=3m—x)
0 0

-

=%f log (4 sin 2x) dx

0

= —imrlog2.
4. Show that,
25
J' log [1 —¢%|d6 =0.
0
5. Show that
Tode (T xdx (x = 1)
0 1+x3 0 1‘*‘)63 = “
:ifci
2 ) 1—x +x2
=27/3V3.
6. Show
= dx * x2dx
i = =1/
(l)f() 1+x4 0 1+X4 (x u)-

. °°)cdx_1f°c x 7 o,
(it) J; T+x* 2, 1+x2 4 (1 =x%)
“ dx “1+x?
1 dr
(iif) J; 1T+x* ) 1+x*
J’x dx +_l_ * x dx
L, 1+ V2x +x* V2 1+x*
=7/2V2.

1
2
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7. Consider the series Y5 1/n%(logn)~.
(i) Show that, if & > 1, it converges for all 8. Hint Let a =1+ ¢
(¢ > 0) and write
11 1
n*(ogn)? n'*:¢ni<(logn)”

and observe that 1/nz¢(logn)? — 0 and Y7 1/n'*¥ converges.

(ii) Show that, if a <1, it diverges for all 8. Hint Let a=1—¢
(¢ >0) and argue similarly.

(iii) Show that, if a =1, it converges for all f#>1 and diverges
for all 8 =<1. Hint Use the integral test (7.21).
8. Show that L%, (1/n?) < 1/N. Hint Observe that

"dx [ dx
j —ZSI 5
n—1H1 n—1X

1
9. Lety,=1+31+---4+——logn. Show that
n

1 (f1-1t

Vn_yn+1_n+l 0 n+t

Deduce that

. 1
() Y= Vo <52

1

. VS
(i) v, =7 =50, 7
where y = lim,_,.. 7,
10. Show that Y1%0(1/n)=6.908 to 3 decimal places. (Assume
log 10 =2.3026 to 4 decimal places.)
11. Use Euler’s limit to show that

() 1-3—d+i-b—k+ - =llog2.

(1) 1-3+4+1-F+4+3+{ ¢+ diverges to infinity.
12. By considering Riemann sums for suitable singular integrals,
find the limits of the following sequences.
(n!)l/n

(i)

IS U 1
W Vom0 VB =21 s

(cf. 3.38, question 12).




