Appendix

1.

2. Proof that Yisinnx/n=%(x — x) for all 0<x<2nx

Euler's proof that ¥51/n?>= n%/6

The proof depends on the fact that, if the roots of the polynomial

equation
atax+---+ax"=0
are oy, @y, . .., a,, then
1 1 1 a,
— =4t —= -t
@ o oy o

Now the roots of the equation
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sin x X< x
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are tm, 27, ..., £nx, ..., and so the roots of
2
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315!
are w2, 472, ..., n?n% .. .. Hence
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which gives
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We proved in Chapter 5 that
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log(1+x)=x——+———+---
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for all —1<x =<1 (see 5.22 and 5.42). If we put x = —¢',

0<< 8 <2m, we get
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log(l1—¢'%)=-¢l0—oc—...,

Taking imaginary parts gives
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since, e.g.
1—eif= _e%ie(e%ia _ e‘%ie)
= —e21%(2isin 10)
=2 sin 1fezi(6-m),

Observe that taking real parts gives

= —log (2sin 36)

=, cos nb
2=,

forall 0< @ <2x.

where



