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Preface

This note is about learning elementary group thedtye mathematical analysis of symmetry. It
describes a pair of complementary computer progatied ‘PermGroups’ and ‘WordGroups'.
Each is a basic group calculator suitable for ugideluate study. By experimenting with the
programs and following the examples described liririithese notes, | hope you will become
hands-on familiar with some finite groups and tme&in features. This may help you with
university maths exams, and may even bring soneedst and pleasure!

‘PermGroups’ and ‘WordGroups’ are essentially tveosions of the same program; they differ only
in the method used to create and represent thg gr®ermGroups’ uses permutations and
‘WordGroups’ uses abstract word presentations.h §enerate finite groups of small order,
calculate products of elements, conjugacy classesmutators, subgroups and their cosets. There
is the option to restrict study to this introdugttevel material or to include the more advanced
topics of character tables and representation ceatrincluding characters lifted and induced from a
subgroup. The programs together can thereforedtehmd either to a Year 1/Year2 course, or to a
Year3/Year 4 course.

Both programs are interactive to a limited exténbtigh Yes or No answers to questions printed to
screen, though the presentation of output is criidgve no guarantees of performance, but other
undergraduate students may find them helpful tpstself-study. They are offered in this spirit.

My motivation for writing these programs was addafs. | studied maths at university, and
although | found group theory interesting, | stegigat times with some of the abstract concepts,
largely because | did not have a ‘feel’ for whaigys were like and how they behaved. Contrast
this with geometry. We get a feel for two and éhdemensional geometry at an early age by
drawing rule and compass constructions and solsiimgle geometrical theorems. But groups?!
Apart from simple rotational and reflection propestof regular polygons, it is not obvious how to
gain hands-on experience with groups. | found atradl the textbooks short on illustrations and
mostly heavy going. This was my motivation fortmg this computer program. | offer it to other
students who learn kinaesthetically and need saomépg to experiment with. Those of you who
are wholly comfortable with abstract thought ineddga need read no further.

This note, therefore, describes two companion caergarograms and, by examples of increasing
complexity, uses them to introduce elementary gadgpbra and character theory. It therefore
complements introductory textbooks.

In Part 1 is a statement of what the two programs d
Part 2 is about using ‘Word’ Groups and contaimsexamples to get you used to the program and
explore groups using it.



Part 3 is about using ‘PermGroups’. Since Perm@sas essentially the same as WordGroups in
its calculations and analysis, discussion in tlaig B limited to how PermGroups differs, so please
also read the more detailed account in Part 2. édewPermGroups is more suited to generating
the symmetric and alternating groups, Sn and Ahere are more examples of these in Part 3 than

in Part 2.

There are some very sophisticated group theoryramog available over the Internet, such as GAP
and Magma. These are research tools for the exped. | hope my simple programs will help

you graduate to using these.

Index
PART 1: Outline of what the two programs do

PART 2 : Worked Examples using WordGroups

This Part contains quite a lot of explanation ofvito use the
program, and the examples increase in complexiprdvide
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2.1 Not a finite group : See also Appendix
2.2 Cyclic group, C5
2.3 C12 and abelian direct products, C4xC3
2.3.1 C12
2.3.2 C4xC3
2.4 Direct products C2xC2, C3xC3 and C4xC4
2.5 A symmetric group S3 = a dihedral group D3
2.6 Another dihedral group, D4
2.7 Comparison of D4 (dihedral) with Q (quaten)io
2.8 An abelian semi-direct product X4
2.9 An alternating group, A4
2.10 The symmetric group, S4
2.11 The five groups of order 20.

PART 3 : Worked Examples using PermGroups

Note that the description in Part 3 is scant, agatainly with
the use of PermGroups. Most of the technical exgilan is in
the corresponding sections in Part 2.

3.1 A cyclic group, C5 (Z5)

3.2 Abelian direct products, CmxCn

3.3 A symmetric group S3 = a dihedral group D3
3.4 S4 and its subgroups A4 and D4

3.5 A non-abelian direct product S3 x C3.

3.6 Symmetric group S5 and alternating group A5

Appendix :
Table of orders and relation <ba = ‘word™>
which generate finite groups using WordGroups

John Coffey, February 2009

Page

11
12
14
14
16
17
19
24
29
30
33
35
40

42
44

4 4
45
48

15

57



Index of Group Theory topics

These notes are definitely not a text book on gtbepry, but the following topics are illustrated i
the text and by use of the programs:
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PART 1: Outline of what the two programs do

Introductory Group Theory Material

Steps 1 to 6 below cover basic group structureextiide representation and character theory, so
could be used to support early study in the badigsoup theory. Either program is restricted to
this option when the user selects ‘n’ to the Adwah©ption prompt.

Stepl of the program PermGroups is different fromr&dGroups, but otherwise the two do almost
exactly the same.

Step la) : Create a finite group with WordGroups.

WordGroups generates finite groups from ‘words’ m&om two generatorg, andb. You can
think of a andb as representing physical operations such asaatatireflection. Copies of the
two lettersa andb are joined together into arbitrarily long ‘wordsy concatenating all possible
finite strings ofa andb, such asabbbbaor baabbbaaaaab You also specify at least three
constraints o andb; this is called a ‘presentation’ of the group. dlaf these constraints are the
orders ofa andb: that is the power ad or b which equals the group identity, I. For instaate
a4 = |, which could correspond torepresenting a rotation through a right angle abdixed
axis. You must also give at least one ‘relatiamkihg b toa. Usually this will beba=a....b
where the dots stand for some combinatioa afdb. Internally the program stores the group
elements as strings, with the empty string beieggifoup identity. Thua® = a*4 = | would be
stored asdaaa’ ="

An example of a group presentation as written éliterature iga, b | 4 b°, ba = db), meaning
there are two generators, a and b, withk & = Identity, plus one relation ba 2ba

Once you have entered the order of the elementthanelations, WordGroups
)] forms increasingly compound concatenationa ahdb,
i) reduces the ‘words’ to a standard form by replaefmgwith I, b*m with | andba with
a...brespectively.
iif) removes duplicates, looks at inverses and prodidtee reduced words and generally
checks for consistency. It turns out that for s@mlections o&™n = |, b m = | andba=
a....bonly a finite number of independent ‘words’ canfbbened and these behave as a
group under the group operation of concatenation.
iv) lists the elements and their inverses.
So we have created a group. The number of elent@his the order of the group, G. The program
calculates multiples of each element and hence fitscdbrder. The number of elements with each
order is tabulated.

A word of warning here: the ‘word problem’ is adtty issue in advanced group theory. It
concerns whether it is possible to be sure thatweods’ really represent different group elements.
Cases are known where this cannot be decided ayamkiple, though we are not likely to meet
any here. Itis possible to input relations intordGroups which will push it beyond its limits of
validity — for instance, trying to generate aniité group. The examples given in Part 2 of this
note are all genuine finite groups.

WordGroups is restricted to :

only two generators,

only three additional relations,

a recursion depth of at most four in forming words.
For some groups the ‘word’ presentation used reeneare straightforward than the permutations of
PermGroups, and for others the permutation reptasen is more powerful or illuminating.
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Step 1b) : Create a finite group with PermGroups

PermGroups generates finite groups from permutatadiN user-specified symbols. The groups it
creates are, therefore, either the symmetric gByupf all permutations of N elements, or one of its
subgroups. You seed one or more permutationshengrogram calculates all their powers,
products and their inverses until no more new eigmare generated. This should ensure that the
set of elements is closed under composition of etémx The program checks that the identity
permutation is created, as required for a groupnc@tenation of permutations is associative, so
meeting another criterion for a group. A finite@gp is thereby generated.

Step 2): Find elements which commute.

Two elementsf andg, of group G commute if the ‘productsj andgf are equal, where product
here is string concatenation. Commuting is onga@fessential concepts in group theory.
Physically it means that the order in which tworagiens are performed does not matter; the
outcome is the same.

Either program takes each elemgmif G in turn and finds all the elements which comenwith it.

For eacly the set of such commuting elements is calleddbatraliser’ of elemerd. This set, in
fact, forms a group under concatenation; hencastdsprocedure for finding some of the
subgroups H of G. The identity element, |, of s®jcommutes with every element, but in some
groups there are other elements which share tbfgepty. The set of these all-commuting elements
is called the ‘group centre’, Z. The program lifts elements in Z.

Step 3): Find the conjugacy classes.

Conjugacy of elements is another key concept ingtbeory. It is a weaker form of commuting.
We say that andg are conjugates is there is at least one eletrfentwhichft =tg. This is usually
written in the formt™ f t = g, or equivalentlyt g t™ =f, where the pairandt™ are an element and

its inverse.

Another way of looking at conjugation is to seastone manner in which a group can act upon the
set of its own elements. The concept of a ‘groutpa’ is fundamental in group theory. We can
think of a function T{) meaning - tf t wheret is another group element and the operation is
multiplication (concatenation in the case of Word@s and PermGroups). This is sometimes
writtenf ', Either program takes each elemgint turn and forms the producft™ with every
element in the group. The resulting elemergsare collected in a set together withit turns out
that there are only a limited number of such setl elements in the group are in one and only one
set, called a ‘conjugacy class’. Put another wagnjugation is an equivalence relation so that
conjugation with any elementpartitions the set of elements in G into disj@ahjugacy classes.

Conjugacy classes are important because conjulgateets within any one class share features
peculiar to that class, such as having the saner.otdnder the Advanced Option of the programs,
the character tables which the program later tdesalculate are an array of numbers which
summarise and to some extent characterise the npiespef the group. There is precisely one
column of the character table of G for each cormgygaass.

Step 4): Calculate the derived subgroup (commutatassubgroup) Hg.

A commutator element is a group element which eamhbde by the product (concatenation) of
four elements in the pattergr'f ‘g f, or equivalentlyf g™ f g. Itis a conjugate af multiplied on
the left by the inverse @, often written {, g. To see its relation to commuting elements, olese
that if f andg commute, so wilf * andg™ and hencg™f g f reduces tg'f fg=g'g=1. So
commutator elements are ones formed from non-commpgirs. The fewer commuting elements
there are in G, the more commutator elements leetyli The set of all commutators is not

necessarily a group but, if it isn’t, either pragravill calculate products of the commutators until



the additional elements do make it up to a groaplied the ‘derived’ or ‘commutator’ subgroup,
Hq. This is always a normal subgroup (that is,ightrcosets are the same as its left cosets).

Step 5): Calculate the abelianisation factor groupG/Hyg.

A subgroup which is invariant under the operatibfooming conjugates is called a ‘normal’
subgroup. This means that, as sets, the normgteup and the conjugates of all its members are
the same. This is equivalent to the left coseitsgoget-wise identical to the right cosets. Like t
conjugacy classes, these cosets form a partiti@ dEach of the cosets behaves lil@@posite
element of a group called the ‘factor group’ G/Ne factor group of the derived (commutator)
subgroup is called the ‘abelianisation factor graump it is always abelian (that is, every element
commutes with every other element).

Either program finds the cosets of the derived sulgg H. There are |G|/}iHcosets each with
|H4| elements, where |..| denotes number of elements.

Step 6): Investigate subgroups and their cosets

Either program lists all the subgroups found sotfagse being the centralisers of the various
elements plus the centre Z and the derived/commusabgroup. The list of subgroups will not
necessarily contain all the subgroups of G. Tp,hélordGroups lists the powers of all elements,
useful for spotting cyclic subgroups, and the paid of pairs of order 2 elements whose product
also has order 2 — this indicates a group of typeG2xC2. You are offered the option to enter
additional subgroups from the keyboard. You seabeet listed subgroup, H, at a time and the
program examines the order of each element. t$tdib elements which have the same order as H
itself. Some subgroups have no such elementsylverte one does, the multiples must run through
all elements in the subgroup, so generating thdembio H. Thus H is cyclic.

If the Advanced option is selected, and fayelic subgroup only, the program will work out the
character table and display it.

If the group is not cyclic, you will probably neaalinvestigate it further so the program allows you
to find multiples of selected elements and prodot&ny two or three elements. By reference of
known properties of smaller groups you should He &bidentify the subgroup.

At this stage the program offers the option to ulalte the cosets of a subgroup. It finds thedett
right cosets, but leaves it to the user to decidether, as sets, these are equal. If they are, the
subgroup is normal, by definition. Note that amymal subgroup (not just the commutator
subgroup) has the property that its cosets foractf group, so you have the opportunity to
explore these too.

An interesting exercise at this stage of a basizsmis to draw the lattice diagram showing how all
the subgroups fit within G, and identifying all thermal subgroups and their factor groups.

More Advanced Material: Group representations and taracters

Steps 7 to 10 below calculate matrix representatrahgroup characters so could be used to
support study in a second level course. This aimlg carried out if you select ‘y’ to the Advadce
Option which is offered about half way through eitiprogram.

Step 7): Sketch out the character table for G.

In order to explain group characters we would rteediscuss group representations by matrices,
and by transformations of vector spaces under gagtipns, but this would take too long so | refer
you to textbooks and other web sites. Briefly, él@ments of a group can be mimicked by a set of
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appropriate invertible square matrices, with theugrproduct represented by matrix multiplication.
The trace (sum of diagonal elements) of the mawixesponding to each group element is
sufficient to capture key information about the rxaand hence the group element. It turns out that
all elements in the same conjugacy class havesatie srace (though not the same matrix). A
group character is a list of the traces of theas@nting matrices, one for each conjugacy class. |
general these will be complex numbers.

A group can be represented by many sets of matnitbsarbitrarily large dimension. It turns out
that the larger dimensioned matrices can be coedénto a block diagonal form by a matrix
similarity transformation. Each n-by-n diagonaddk can then be identified with an n-by-n matrix
which cannot itself be further split up. Thesethee‘irreducible’ matrices representing the group.
Their traces constitute the irreducible charaadétse group. The character table is a squareg arra
of (generally) complex numbers, each row beingafrtée irreducible characters, and each column
corresponding to one conjugacy class. The chartadite is a summary of the way the group’s
actions can be represented by irreducible transftbom matrices.

If a matrix representation involves a different mator each group element, so that the full
symmetry properties of the group are manifest leysit of matrices, the representation and its
corresponding character are said be to ‘faithftlbt every group has a character which is both
faithful and irreducible, but if one does exisgj@&nerally is at the bottom of the character table.
Characters towards the top of the table may coore$po non-faithful representations. In a non-
faithful representation some information aboutdghgup has been lost. A non-faithful
representations is analogous to the shadow of @etotast on a wall — the shadow does represent
the object, but only in a limited way. The firsir in a character table is the ‘trivial represeotat

in which every group element is represented bydaatity. This is akin to an object being
represented by a single point, so loss of inforomais almost total.

One significance of the abelianisation factor gr@iat it determines the linear (one-dimensional)
characters in the character table of G. As atstéipding the linear characters of G we need the
character table of the abelianisation factor grolipe program calculates this table for simple
cases.

The program prints out the skeleton of the chardatde of G, including these features:

)] a header block labelling the conjugacy classesjm@amrepresentative element for each
class and summarising the order of each elemedtthemumber of elements in each
class.

i) the likely values in the left hand column on thigléefor the identity class. The elements
in this column have the property that the sum efrtequares adds to |G|, and for some
values of |G| this is sufficient to determine umiyuvhat the squares must be.

iii) all the linear characters. Linear characters spoid to representation matrices of
dimension 1 and there are as many of them as caofstits derived subgroup. Moreover
there is a procedure calling ‘lifting’ by which thieear characters of G can be copied
from the character table of the abelianisationdiagtoup, calculated in Step 5.

The non-linear characters are left blank apart filoenfirst column. Determining them can be a
challenge and neither program attempts to do seitijx However each program does offer some
help by reminding the user of the orthogonalityganies of the character table, and by allowing
further, usually reducible characters to be inducenh the character tables of known subgroups.
In the course of doing so some properties of sulgg@re determined.



Both programs have a special facility to detectdinect (Cartesian) products of two cyclic groups
and calculate the corresponding character table.

Step 8) Induce a matrix representation and charaetr of G from a subgroup H.

‘Induction’ was discovered by Frobenius as a medrtetermining a character of group G from the
character of a known subgroup H. The dimensicso(ehlled degree) of the induced character and
associated matrix representation is K = |G|/|Hthe character in H which is being induced has
degree k, the induced matrix representing G haemémon kK, and so does the induced character.
Clearly, in many cases kK will be a large integed ¢he induced representation will probably then
be reducible.

The program calculates the induced characterddiitian, where k = 1 (a linear character in H) , it
calculates the K-by-K induced matrices for the gatogsa andb of G in WordGroups, or for the
first two seeded permutations in PermGroups. Itidnof the matrices involves these steps

1. find the left cosets of H and a set of represevdatiements of these (a ‘transversal’) . Let
the representative elements in the transversaldpeds, ... gk, with g, respresenting the
second coset,zdhe third, etc..

2. calculate conjugate-like products of the fagiita g to build up a K-by-K matrix which is
intermediate to the calculatiorg‘lagj (after applying the relations of G) will give the
element in thé"™ row, j™ column of this intermediate matrix for element

3. examine each element in the intermediate matrixelamd replace it by either a) its value
in the character table of H ifi(* ag) is an element of H or ii) 0 i ag) is not in H.

The program prints the matrices for the generagieghentsa andb (or first two seeded
permutations) It also gives these in the formats suitableirfiput into the symbolic algebra
packages Mathematica, Maxima/Macsyma and Reduseglne of these packages is the easiest
way to multiply the induced matrices falandb to generate matrices for the other group elements,
and check that they have all the intended propedii¢he group. This set of matrices is then a
representation of the group of dimension K = |G|/|H

The induced character is calculated whether othetharacter in H is linear. Either program
provides the option to induce other characters fiiloensame subgroup, or examine other subgroups.

Step 9) Complete the character table and compo#ee lattice diagram of subgroups

This step is done by the user either by hand ergusisymbolic algebra package You can apply the
orthogonality relations for the character table aolye the resulting simultaneous linear and
guadratic equations to determine all the non-lindsaracters of G, and check them for consistency.
You can run the program again as a calculatortestigate products of group elements in the
search for other subgroups and draw up a latt@grdim to show which subgroups are themselves
subgroups of others. By this stage you should bhgmetty good understanding of the group.

Note on running the programs

| offer little apology for the crudeness of thesenputer program. They are both written in BBC
Basic, originally devised in the 1970s for the BB@ne and school micro-computer which became
immensely popular in Britain. Though the BBC congpuhas long been superseded, its
programming language survives in a simulation uMderdows developed by R. T. Russell (web
site http://www.rtrussell.co.uk/). This has theaeity to compile programs, and the compiled
versions as ‘.exe’ files are what | offer. They as console programs with keyboard input when
prompts appear, so they are interactive to thisrextThey should run under Windows by double
clicking on the program name.



Using Windows Explorer or otherwise, create a dowdfolder for your output files such as
C:\WG. When the program starts it offers the aptd saving your output to file. You will need to
enter the full path of the file such as C:\WG\rurThe program will add a 3-figure random second
part to this name plus the file extension .rft.r Eeample, C:\WG\runl_f8z.rtf The added part of
the name is to ensure that a new file is createdett run so that previous results are not
overwritten. (The earlier version of the programud overwrite any existing file of the same
name.) . The output to the screen has more deaailthat to the file.

At the start of either program you are offereddpé&on of having the screen scroll lock on of off.
If it is on, press <SHIFT> to move to the next pay@u cannot scroll backwards to review
previous screens. You may find it useful, therefoo run the program twice for each group
because the output printed to file in the early pathe program contains information on group
elements, their orders, etc. which is useful tcehtavhand while running the later analysis.

The output to the screen and printer with BBC Basis limited formatting capability and |
couldn’t be bothered with making the printed taldad matrices align to look tidy. | suggest the
following solution. If you run under Windows, gto C:\WG\ in Windows Explorer and open the
.rft (rich text format) file in a word processokéi Microsoft Word, save it as.doc file and tidy the
format to your satisfaction. You will need a fixgiglacing font such as Courier or Prestige. For
larger character tables landscape format will kexled.

About half way through each program you are offéeledAdvanced Option, to include group
characters and representations. Students takangfittst course in group theory should enter m’ t
skip this option, so as not to be over-faced witiierial you do not need to know.

Note on Permutation Cycle Notation
PermGroups uses the cycle notation for permutatems the text in Part 2 regarding WordGroups
also makes reference to permutations.

In cycle notation we start with N items placed innMial positions labelled 1, 2, 3, ... N (arb, c,

... etc. ). Cycle (12) means the item in positiamdves in the sense to the place initially
occupied by item 2, and item 2 moves to positiosalitems 1 and 2 swap places. It could be
written (1> 2 - 1), but the convention is that the leading digihot repeated. (12) is an example
of a 2-cycle since there are two symbols in theket (234) is a 3-cycle. It means that 2 moves
-> to position 3, 3 to position 4, and 4 to posit&rwith the further implication that item 1 stays
where itis. For emphasis this may be writtenZ34). The identity is (1)(2)(3)...(N-1)(N), or
indeed any subset of 1-cycles such as (1)(2)(3ven simply (1). PermGroups uses (1) as the
group identity.

Permutation cycles can be ‘multiplied’ as follow&/rite two cycles next to each other and follow
the convention that the cycle to the right is perfed first’ For example, (23)(13) means perform
(13) first, so that item 1 moves to position 3. ddnthe left hand cycle (23) the item at 3 moves to
position 2, so overall 1 moves to 3 then to 2. dRéchis in a product as (12...). Next deal with the
last item entered into the product, which is 2.e@gon (13) does not affect 2, but under (23) item
2 moves to position 3. The product is now (123Finally under (13) item 3 moves to 1 and stays
there. Thus the completed product is (123).

! Some authors perform the left operation first RednGroups has the option to calculate either way.
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An operation to swap precisely two elements, sgcfld), is called a ‘transposition’. Any
permutation can be written as a sequence of traitgpus: for instance, (1342) = (13)(24)(23).

The result of carrying out a multiplication is topeess the product permutation as a set of disjoint
cycles; that is, cycles with no symbols in comméior example with N = 6 and evaluating right to
left, (1245)(256)(3612)(1546) = (16)(234)(5).

Cycle notation is particularly suited to showingipmate elements because conjugates have the
same structure of disjoint cycles.

In the program PermGroups cycles are entered withi@ckets and disjoint cycles are separated by
any of the characters
B A * X . ,

Thus(123)(2567)(15) could be entered d23'2567'15 or 123\2567*15  etc.
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PART 2 : Using WordGroups : Examples and Exercises

2.1 Not a finite group

This first example will get you used to running iMerdGroups program, but we will deliberately
produce a sequence of ‘words’ which is not a figiteup. The purpose of this is to emphasise the
four essentials of a group :

CAIN —Closed,Associative, aihdentity element, each element has a unitlweise.

2.1.1 Not a Group Create a folder for your output called, say, WQtmn C:\ drive. Start the
program and input 'y’ to save the output to a fikou will have to enter the full path of the file,
e.g. C:\WG\Not_a_group.

You are asked to enter the order of the two geoeyatThese are integers n and m suchatat= |
andb”m = | where | is the group identity. In this exdmpnter 4 and 3 respectively.

Internally the program represents group elementsiiygs of letters andb, with the empty string
“” being the identity. Concatenation of lettersoirstrings ensures that the ‘product’ operation on
group elements is associative. Entering order dmmnenathematically thaf4 = |, and internally
this means that at every occurrence the stringd'aadl be replaced by *.

You are now asked to enter the number of additizakdtions’ on the lettera andb. You can
have up to three, but here just type ‘1. Eachtieh is entered by giving, separately, the left an
right hand sides of the relation.

Here input for the LHS ‘ba’ and then for the RH&ba

This means that every occurrencéaiwill be replaced byab (= a*2 b). The program uses a
lexographic ordering and tries to reduce all wdaadsnes with all tha to the left of all theb.

A moment’s thought will convince you that it is essary for the left side (LHS) of at least one
relation to béba. Suppose instead it welbaa. Thenbaa would be replaced, biva would not.
Hence the wortbababababababababababa...could continue indefinitely and we would not have
a finite group. Thus if you want to say tiaib ™ = ab, you should enter this in the foria = abb.

So you have input that*4 = |, b3 = | andba= a*2 b. The program outputs this information for
confirmation, then sets about forming all combioiasi of lettera andb and reducing them by
these three rules. In this case it finds 12 distahements, the last beiag3b”2. So far, so good.
It now determines the inverse of each element &rdks for duplicates. To have a group each
element must have a unique inverse. In this examb, a*2b anda”3b all appear to have"2
as their inverse. The program detects this andga warning. It is not a group.

You are offered the option to calculate productslefnents. Type ‘y’ to select this. It will firilde
product of three elements if you just type in theeent reference numbers. You may enter one
number at a time, followed by the carriage returtéekey, <RTN>. Try 2 <RTN>5 <RTN>5
<RTN>. Alternatively, commas can be the sepasatype 2, 5,5 <RTN>. It concatenates the
string of these, in this order, reduces them adogrth the relations, and responds that the product
is ab”2 which is element number 8. This is correct sieleenent 2 i® and element 5 is.

Now check whether element 5 is the inverse of eferhi@, as claimed. You get the product of two
elements by making one of the three the identity5d type 5 <RTN> 10 <RTN> 1 <RTN> or 5,
10, 1 <RTN>. The inverse is reported to be keagiired. Now reverse the order to 10, 5, 1. It
reports the inverse @82 = element 3. This is further evidence that wendt have a group. For all
elementg we should havg.g' =g .g=1. To exit the program type —1 <RTN> <RTN>TKR>.
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So which orders o andb do give finite groups? — or a least pass the festseing closed under
concatenation and have no duplicate inverses?gUsuariant of the program | have searched for
combinations o&*n andb”m which seem consistent and these are listed ireAgg A. All

future examples will be chosen from this list.

2.1.2. More than one relation?The program allows three relations to be enterextidition to the
orders of the two elements. To generate a finibeg one relation of the forima = ... is required.

D4 and Q in 82.6 need two and S4 in 82.9 needs thf@ree relations become needed when there
are three or more generat@asb, c,... , but WordGroups does not cater for thess/olf enter two
arbitrary relations, they will probably be incorterst.

For example, suppose we selatt b® =1, b%a = ab, b&=a’h. Then
b? & = (b’a) a = (ab)a = aba a=a(bad) a’= a(a’h) a® = ba’
which implies thab?= b and hencé =1 in contradiction td’ = I.

2.2 Cyclic group C5
C5, the cyclic group of order 5 is also called Run WordGroups, input 'y’ to save to file, and
enter a full-path file name like C\TGG\C5.

Enter order ok is 5 and ob is 5. There is 1 relation with LHSand RHSa.

Effectively this relation means thiatis identical witha so there is only one generator of order 5.
Since 5 is prime, we expect a cyclic group andithindeed what the program generates. It outputs
the five elements as4,, a2, a3, a4 and their inverses. Satisfied of their consisgethe

program proceeds as if these elements do formwpg®. Sincda = ab, all pairs of elements
commute, so the group is said to be ‘abelian’.

The first step in the analysis of the group isitad the order of each element. It states thaethee
1l element oforderl : 1
4 elementsoforder5 : 2 3 4 5

where the number of an element refers to the ¢jstirthe beginning of the output. For example,
element 3 ia"2.

You are then offered the option of calculating praid of elements, as in §2.1 above. Tryit. Type
5 <RTN>, 4 <RTN> 1 <RTN> (or equivalently 5, 4, REN>) . It replies that the product is a"2.
What this means is that element 5 (a"4) concatdmaith element 4 (a”*3) then element 1 (1) gives
a™7 which reduces mod 5 to a*2. To close the prochlctilator enter ‘=1 <RTN><RTN> <RTN>
and move to the next stage.

The program now finds all the elements which conamwith a chosen element. Recall thahdg
commute wheifig = gf. It takes each elemegin turn and determines its order, then tgsisth
all elements in the group in turn to see if thegnowute withg. The word ‘central’ is used in
association with commuting elements, and the sall @ements which commute withis called
the ‘centraliser’ ofy. This set always forms a subgroup of G. As aan®gle, for element 3 the

output reads:
Element 3 = a*2 has order 5.
Its centraliser subgroup has 5 members: a"2 itself +
| a a*3 aM
Corresponding element numbers are
1 245
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You will see this same set of five centraliser edats appearing against every group element. This
is the nature of a cyclic group. At the end of lieeof centralisers the program identifies thatce

Z as the whole group. The centre Z of a groupésset (which is also a normal subgroup) which
commutes witlevery element in G. So here Z is the whole group.

The next stage of the program works out the comjyigéasses. Recall thai § conjugate to gif
there is at least one other group elemxeamd its inverse " such that g= x'gy x. This structure,
with g, sandwiched between another element and its invisrsery like the structure of similarity
transformations between linear operatarand g and between similar matricesand g.

WordGroups takes each elemenptrgturn and combines it with every other elementegcording
for each combination the resulting element (ageluction by the defined ordersafndb, and by
the specified relationsa = ..., etc.). Elements which are conjugate to araleer form a
conjugacy class. The program collates these daBisst putting them in order of the element
which created them, and then in order of increasidgr of element. (Sorry about the two
meanings of ‘order’ there!) Because in a cycliougr each element commutes with every other,
each element is conjugate only to itself. Theeetherefore five conjugacy classes.

At this point you have the choice of exiting or ttoning with more advanced topics.

When you select the advanced option, the progrdouleées the commutator elements of G. These
are elements which can be ‘factored’ into the fogffigh. For group C5 there is only one such
element — the identity I. In some groups the $§ebmmutators is not necessarily closed so the
program calculates powers and multiples of the elgmto extend the set to a full subgroup. It
reports whether elements have been added. Thisaybmade from commutators is the
‘commutator’ or ‘derived’ subgroup. For C5 it feettrivial group I. The program calculates the
cosets of the derived subgroup. These will be mamb for more complicated groups, but for C5
they are just the other elements of the groupfitsel

The program now comes to a section headed ‘Steicfusubgroups and induced characters’. It
lists the subgroups found so far from the ceneeai®f the elements and the asks if you wish to
enter another subgroup from the keyboard. Sine®ttly subgroups of C5 are {I} and C5 itself,
there is little point, so type ‘n’. It then askyou wish to examine a subgroup. Enter ‘n’ again
Decline all further options. That concludes owsibdevel investigation of C5.

Just a note about C5 expressed in permutation optéion. Supposgis the cycle (12345). Then
a’ = (13524)a° = (14253)a* = (15432) and’ = (1)(2)(3)(4)(5) = I..

Advanced option:When you are asked whether you wish to includartbee advanced material on
group representations, reply ‘y’.

The goal of the analysis is to produce the growpaitter table and identify most of its subgroups.
The program prints the regular character based>beihg a subgroup of S5, the symmetric group
of permutations of 5 items. It also refers to @party of character tables: namely that there are a
many irreducible characters as there are conjugiasges, so a character table is a square array.

When the cosets of the derived subgroup are prigtadare asked ‘do the first elements of the
cosets form a cyclic subgroup of order 5?’. Thieady do, so type ‘y’. It asks for the letter dse
to generate this cyclic group, so type ‘a’. Thegoam calculates the character table of the cyclic
group. It uses the notati@rto stand for exp(z i/ 5), e* for exp(—2n i/ 5), €2 fore’2 =€?, etc.
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If the program were just designed for cyclic grgupsould end there. In the case of C5 all tive fi
characters are linear (one-dimensional). Over [mtjlee complete character table for C5. The five
conjugacy classes are labelled K1 to K5. Thisetakans that C5 can be represented in five
distinct ways by a set of one-dimensional matricBlsese are the five irreducible representations of
C5; ‘irreducible’ because a 1-by-1 matrix cannofumher decomposed into smaller matrices.

The four representations containi@gre all faithful, meaning that they fully embodythe
symmetry properties of the group, with no inforroatbeing lost. Thus, in row a,is represented
by the 1-D matrix [e] = [ expgRi/ 5) ], soa™2 corresponds to [e23 to [e”3] = [e2*],a™4 to

[e"4] = [e*]. The order of each of these is 5.rdw 3a is represented by the matrix [e2], making
a"2 correspond to [e4] = [e*], and so on.

Group C5

Classlabel |K1 K2 K3 K4 K5
Elementidno. |1 2 3 4 5
Element |1 a a2 a3 aM
Numberinclass [ 1 1 1 1 1
Orderofelement| 1 5 5 5 5
Order centraliser] 5 5 5 5 5

Trivialchar. |1 1 1 1 1
1 e e2 e2r e*
1 e2 e* e e2*
1 e2* e e* e2

1 e* e2*r e2 e
I

The first character (first row) is not faithfult dorresponds to the trivial representation in whic
every element is represented by the matrix [1]is Tireans that every group element is mapped to
the identity matrix. So the kernel of the homoniism which does this is the whole of G.

2.3 C12 and the abelian direct product C4xC3

2.3.1.C12
Generate the cyclic group C12 in the same way aggoerated C5. Enter orderaof 12, order
of b is 12, number of relations is 1, LHSHsRHS isa and follow the steps as for C5 above.

Note that in checking whether the elements do iddeen a group, the program calculates all
pairwise products of elements. This can causdieaable delay before further output. For groups
with more than 16 elements you have the optiorobferforming this check, though | recommend
that you do perform it once for every new group.

The feature to notice with C12 is those elementgkvhave order 12. It is not all of them, but only
the four for which the order of the element is emyrwith 12: that is, elements a1, a5, a7 and
a™11. There are two elements with order 3 (a"4, anfl)each of these generates the abelian
subgroup with three members {l, a™4, a"8}.

When you come to the ‘structure of subgroups addded characters’ part of the program, say 'y’
to entering a new subgroup from the keyboard sksdor the order of your subgroup. We will first
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enter some incorrect data to show that the prograrforms checks on the validity of the proposed
subgroup.

a) Type 8. The program responds that (by Lagrandeerem) the order of the subgroup must
divide the order of the group.

b) Type order is 3, and enter the three elementsfeyarce as 1 <RTN>, 4 <RTN>, 10
<RTN>. It again detects an error in that the squdrelement 4 is not present in the list.
The missing element is 7. So this set is not d@sel cannot constitute a subgroup.

c) Type 4 elements, then 1<RTN>, 4 <RTN>, 7 <RTN><RIN>. This is now a valid
subgroup. For the time being we will not examin@ither. So say ‘n’ to ‘do you want to
examine one of these subgroup?’

d) Enter 'y’ to calculating products and check thaneénts 5 x 9 = |. You are obliged to enter
3 elements so make one the identity by enterinBIN>, 5 <RTN>, 9 <RTN>.

e) You are again given the option to enter a subgfoup the keyboard. Type 3 elements,
and then enter 1 <RTN>, 5 <RTN>, 9 <RTN>. These &rm a subgroup and the
program proceeds. The two new subgroups appeamakers 4 and 5 in the list.

Select subgroup number 5 and accept the offerltolede its cosets. The program reports that the
left cosets are

{15 9}: < this is subgroup No. 5 left multiplied by |
{2610 }: < this is subgroup No. 5 left multiplied lay
{3711}

{4812}

and the right cosets are identical. By definitittren, this subgroup is normal. Its four cose¢s ar
the four composite elements of a factor group C32/The program lists elements {1, 2, 3, 4} =
{1, a, a2, a"3} as a set representing each ofdhecosets. This representative set is called a
‘transversal’.

You now have enough information to sketch the diagbelow which shows how the elements of
C12 divide into several subgroups. You readftiois the bottom, accumulating the elements
noted along the lines. Thus | and a”6 from C2ctaic group on 2 elements. Adding a*3 and a9
produces the cyclic group C4 generated by a*3.is@énerated by a’2.

In contrast to C12, C5 and other cyclic groupsrafhp order have no non-trivial subgroups. The
prime cyclic groups are a species of ‘simple’ greug group with no non-trivialormal subgroups
and hence no factor groups. Interest in grouprthieas focused on the simple groups (simple in
the technical sense of the word only!) as the giveibuilding blocks from which more
complicated groups are composed — the ‘prime nwshb&group theory.
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Advanced option It is possible to induce a reducible character femoh of the subgroups, but |
suggest you come back to that exercise once yoel t@wpleted the more interesting exercises on
other groups below. Decline all further options @md the run.

2.2.2 C4xC3

A ‘direct product’ group is one in which the elerteare the Cartesian products of the elements in
each constituent group. All the constituent grobg@some normal subgroups in the product group.
Here we have two cyclic constituent groups. Theonitg of groups are direct or semi-direct
products of two or more constituent groups, fomepke C2xC3xC4, D6xA4, QxS4, etc.

If we were to build C4xC3 from permutation cyclsay using PermGroups), the two single
generating elements would be= (1234),b = (abc). This makes it clear that a direct pradsithe
disoint product of two permutations. Disjoint products e¢oate, and so the direct product group is
abelian.

Run WordGroups, enter a suitable file name, giveegetora order 4 and generatbrorder 3. Say
there is 1 relation with LHS ‘ba’ and RHS ‘ab’. idtnot difficult to show that the commuting @f
andb means thalt’.a* = a“.b’ for all powerg andk. Hence the group is abelian.

The program finds 12 elements, calculates theiersrdnd centralisers, the conjugacy classes, and
the derived subgroup as with C5 and C12. Notetheatommutators are all the group elements,
and that there are 12 conjugacy classes, eacltonlgtone element. This is the behaviour we
would expect of a cyclic group. There is an imanttexample of isomorphism revealed here.
Look at the orders of the elements in C4 x C3. fJifogram prints

4 elementsoforder12 : 7 8 11 12

If there are elements of order 12, the grotit2 elementsnust be cyclic. Let’s look at this further.

When the program comes to listing the subgroupsdpwou will see that it lists two identical rows
of all 12 elements, but the subgroups of orderdt3have not been detected because they do not
correspond to centralisers of any elements. Entevhen asked if you wish to enter a new
subgroup from the keyboard: we will do that aditthter. Enter ‘y’ to ‘Do you wish to examine one
of these subgroups?’ Type ‘1’ to select the Subgrdo.1. The program re-examines the orders of
all elements and prints those with order 12, contmgrihat the group must be cyclic. You can
now explore the powers of any element by typingutmber. For example, element 7 gives rise to

the output
Multiples of element 7 which is ab

Power 2 is a"2 b"2 (element 10)
Power 3 isa"3 (4)

Power 4 isb (5)

Power 5 isab”2 (8)

Power 6 is a2 (3)

Power 7 isa™3b (11)

Power 8 is b"2 (6)

Power 9 isa(2)

Power 10 isa™2b (9)
Power 11 is a”3 b"2 (12)
Power 12 is 1 (1)

confirming thatab does indeed generate the whole group. So C4xG@8lmusomorphic to C12,
which we examined in 82.3.1. Type ‘-1’ to declfngher powers, and ‘n’ to calculating products
of elements.

You get a second chance to enter another subgroapthe keyboard. Select ‘y’. One subgroup is
clearly the cyclic group oawith four elements. Enter the order of the subgras 4, then enter
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element numbers 1 <RTN> 2 <RTN> 3 <RTN> 4 <RTN>ha# asked if you wish to examine one
of the subgroups, type ‘y and the subgroups wiltddisted, with the new subgroup added as
Subgroup No. 4.

Move down to the option ‘do you wish to calculdte tosets?’ and say ‘'y’. The program prints the
left and right cosets and you will see that thesdd@entical. Hence the subgroup C4 is normal in
C12. Moreover the first elements in the three aee {I, b, b2}, which is the cyclic group C3
generated bp. You can add the subgroup bmwith elements {1, 5, 6 }and find that it also is
normal. This is a characteristic of a direct pridd = HxK; both the generating subgroups H and
K are normal in G, and the factor group G/H is isophic to K, andiice versa.

Decline further options and exit the program. Berte’s a challenge: convince yourself that the
centre Z of a direct product is the direct prodafahe centres of the factor groups which form it..

Advanced Option:WordGroups recognises the input conditions asrgéing a direct product of
cyclic groups and goes directly to printing thereleter table for this group. It first prints the
character table for the first generagpmhich in this case is C4. Then it prints thdgdbr C3,
sinceb”3 = |. The character table of C4 x C3 is made?dfl8cks each of Zelements. Effectively
the C3 table is modified by having every charaetement in it replaced by the whole C4 table
multiplied by the value of the replaced C3 elemdhtapologise for the frayed formatting at the
right hand side of this character table; you wéllé to add spaces to improve the column layout.)

If you were to input the group as C3 x C4, by sgtthe order o& as 3 and order df as 4, withba
= ab still, you would get an equivalent character takbitn rows and columns in different orders.
For example, column 3 in C4 x C3 is for the conpygelass o&*2 and is equivalent to column 7
in C3 x C4. Infact C3 x C4 is isomorphic to C£3; they are essentially the same group with
different labelling of the elements.

The program next will calculate the character tafblthe cyclic subgroup and you are asked to
select one of the elements which will be its getoeraHere elements 7, 8, 11 and 12 should
generate C12, so type ‘7. (You could try the otblements too.) It calculates the character table
of the cyclic group generated by powers of elenfenthe elements corresponding to these powers
are listed in the header to the table. Thus el¢@era*2 is @b)"6 and its conjugacy class is in
column 7 of the C12 table.

You can see the isomorphism of C12 and C4xC3 bypamimg their character tables. If the
equivalence is not obvious, bear in mind that ~E-i.exp(2 pi i/3) = exp(2 pi i/12) = ‘c’, andhat
‘E’ = exp(2 pi i/3) = exp(4*2 pi i/12) = ‘c4'.

If this is your first reading of these notes, deelthe option to induce a representation. You can
come back to that later when we have examined ti@um some more interesting groups.

2.4 Abelian direct products C2xC2, C3xC3 and C4xC4

The aim in this exercise is to see that C2xC2 t3smmorphic to C4, C8C3 is not isomorphic to
C9, and C4C4 is not isomorphic to C16. We will also looKiatling the subgroups in these,
since neither WordGroups nor PermGroups will fildheese subgroups automatically.

2.4.1 C2xC2

This important direct product is called the Klekgebup and denoted V after the German
‘Vieregruppe’. Run WordGroups and generate C2xZ2rieringa with order 2b with order 2, 1
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relation with LHSba and RHSab. The elements a, b, ab all have order 2 soemeat can
generate the whole group. It is therefore noticyg.e. it is not isomorphic to C4.

Select ‘y’ to the advanced option. Four conjugelegses are found and the program recognises
the group as C2xC2 and prints its character table a

I a b ab
1 1 1 1
1 -1 1 1
1 1 -1 1
1 -1 -1 1

The only subgroup found automatically is the wigreup. When promoted, accept the offer to
enter a subgroup from the keyboard. Enter ordan@,element numbers 1 <RTN> 2 <RTN>. You
have proposed that {I, a} from a subgroup. Thegpam checks products and accepts this as a valid
subgroup. A list of all subgroups found so fadisplayed in which the new subgroup is number 3.
Select to examine this further.

WordGroups recognises thisas C2 and prints itsaciar table. The one non-trivial character
corresponds to | being represented by the one-dioeal matrix [1] and a by [-1]. To find a pair
of 2-D matrices which represent the parent C2x@2gyr select to induce a character, and then row
2 (the first non-trivial character of C2xC2) in thieove character table. The program generates

Matrix representation of 'a’ is Matrix r eprn. of 'b' is
-1 0 0 1
0 -1 10

and prints these in formats for three common symbméths packages. These can be used to

calculate the matrices
ab = 0 -1 and |

=1 0
-1 0 0 1

The traces of these matrices for |, a, b, ab reéspdgare 2, -2, 0, 0 and this is the induced
character.

You can enter by hand two other subgroups: {I, idl &, ab} and explore them similarly. The
subgroup structure diagram is

C,xC,

/ \\
Cj C_‘j C?
a

b ab

The elements added to those below to form the suipgare given.

2.4.2 C3xC3
Run WordGroups again and generate C3xC3 by entanwvith order 3b with order 3, 1 relation
with LHS ba, RHSab.

A group of 9 elements is generated. Note the erdethe elements; there are 8 elements of order 3

and none of order 9. This groupniat cyclic even though it is abelian. C3xC3 cannot be
isomorphic to C9. This again illustrates a genpraiciple; that GxC,, is isomorphic to &, only
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whenn andm are coprime, for only then can there be at least@artesian product element whose
multiples scan through all possible suffiees and so generate the whole cyclic group. Thigéns
even more vividly in cycle notation witn= (123),b = (abc).

Select the advanced option. The program agaiteisyiou to investigate subgroups. C3xC3 does
have four subgroups of orderedg. {l, a, a*2}, {I, ab, a*2b"2}, but the program has not found

these because they are not centralisers of anyealenThis hints at the difficulty of finding all
subgroups,especially when a group has a highly ositeoorder. Clues are in the orders of the
elements. After the characater table has beatepliselect to enter a subgroup from the keyboard.
Enter order 3 and element numbers 1 <RTN> 4 <RB\&RTN>. These form the cyclic

subgroup C3 on {l, a,%a By inducing a character of C3xC3 as in §2.40l1 gan obtain the matrix

representations

Matrix representation of 'a' is Matr ix reprn. of 'b' is
0 0 1 ct 0 O
1 0O 0 c* 0
0 1 0 0 0 c*

where c* = exp(—&i/3). You are also invited to draw the subgroaipi¢e diagram.

2.4.3 C4xC4

Run WordGroups again and generate C4xC4 by entanvith order 4 with order 4, 1 relation
with ba =ab. Use the listed powers of elements and the dmexucts of elements of order 2, and
show that the subgroup structure diagram is

4><C
C_4 C,

a, u* a!ru*{r h h cr~b ab? ab, a3b3

\\ G RS
\h/

2.5 A symmetric group S3 = a dihedral group D3

The symmetric group S3 encompasses all the penmgatf three items. These could correspond
physically to the corners of an equilateral trimngjlibject to rotations and reflections. A regular
plane polygon with sides has the symmetry group, here D stands for dihedralHence S3 and
D3 are the same group of 3! = 6 elements. Thisasmallest non-abelian group.

Generate the group by entering ordeadd 3, order ob is 2, 1 relation with LH®a and RHS
aab. The program generates the six elementa’{3=b"2, a, a"2, b, ab, a*2.b}.

PermGroups will readily generate S3 from permutestioThese correspond to lettiag (123),

% There is an alternative nomenclature for dihedralips in which the regular n-polygon has groypviith 2n
elements.
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b = (12). Thera"3 =b"2 = (1)(2)(3) = 1,22 = (123)(123) = (132)b = (123)(12) = (13), and
a’2b = (123)(13)=(23)ba = (12)(123) = (23) ="2b.

There are three conjugacy classes:

Class 1 has 1 elements of order 1: 1 (0]
Class 3 has 3 elementsof order2: 4 5 6 ( b, ab, a*2b)
Class 2 has 2 elements of order 3: 2 3 (a, ar 2)

The three commutators are 8,a"2}. The two cosets of the derived subgroup areesgnted by |
andb, which form a cyclic group of order 2. This igthbelianisation factor group.

If you decline the Advanced Option, you move to ‘Sieucture of subgroups’ section. The list of

subgroups includes these centralisers :
Subgroup No. 1 of 3 elements :
Subgroup No. 2 of 2 elements :
Subgroup No. 3 of 2 elements :
Subgroup No. 4 of 2 elements :

3

e
oghAN

Say ‘n’ to entering another subgroup from the keyldpand 'y’ to ‘do you wish to examine one of
these subgroups?’. Select No. 1. The prograrassthat it is cyclic. Look at its cosets. The two
right and two left cosets are identical, so C3asmal in S3.

When it asks ‘look at another subgroup?’ enteraiyd select subgroups No. 2, 3 and 4 in turn. For
subgroup No. 2 the output reads

Left cosets of subgroup No. 2 are : Right cosets of subgroup No. 2 are :
{14} {14}
{25} {2 6}
{36} {35}

So this is not normal, even though the left anttragpset representatives are both {I a a"2}. In
§2.7 we will look at semi-direct products of cyajmups. In the meantime just note that S3 is the
semi-direct product of C3 and C2, written C&2.

Advanced Option:When the program lists the cosets of the derivédwup, enter ‘y’ to confirm
that their first elements do form this cyclic groapd ‘b’ as the generating letter. The program
prints the character table of C2 wittas generator, and the framework of the charaabde bf S3.
It completes the two linear characters by ‘liftingem from abelianisation factor group C2.

Basically ‘lifting’ means that all elements of SBieh are in the same composite element of the
abelianisation factor group C2 (cosets of the detisubgroup) share the same character value. So
the procedure for lifting a character from subgréug main group G is as follows:
- Look along the header of the G character tablee(5&) and note the element which
represents the conjugacy class for each colunurim t
Find which coset of the derived subgroup this repnéative element occurs in
Find the element in that coset which appears irh#asler of the table for the subgroup H
(here C2)
Choose a charactard, a row) in the table of H and find the characteuedbr the element
in question
Copy that character value into the selected colafrihe table for G. Each character row in
H induces one character row in G.
In this simple casesis in the same coset as | and so has the same diftaracter value: namely 1.

At this stage the program leaves two values oSBeharacter table empty; these are in the one
non-linear character. In general the biggest ehgk in working out character tables is to find the
non-linear characters. The first column has beenpteted by using the fact that the sum of the
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squares of values in the first column equals tleoof the group |G|. There is only one set adehr
positive integers whose squares add to 6, nanfetyll + 2. This is one of the orthogonality
relations on the rows and columns of any chardatse.

With some groups a considerable amount of deteetow& using these orthogonality relations is
needed to find the rest of the non-linear charact&here is one very useful technique, however,
which can be used to ‘induce’ a character of G ftbenknown character of a subgroup H.
Induction was developed by Frobenius. To useyhismust first identify a subgroup, so enter ‘n’
to ‘do you wish to enter from keyboard another sabg?’ and enter ‘y’ to the request ‘do you wish
to examine a subgroup?’.

Select subgroup No. 1 with the three elements,{§"@}. The program replies that elements 2 and
3 have order 3 and the subgroup is cyclic. Tokhigpe 2 to evaluate powers of element number
2. Say 'n’ to calculating products of elementg] anter 2 as the element to generate the character
table of this cyclic subgroup. It prints the tabfeC3 using the notation ¢ = expt2 /3). The

induced character of G will be built from this.

Say 'y’ to constructing an induced representatidhe program lists the left cosets of the subgroup
H = C3 and picks out the first element in each taseepresentative of that coset. (This set aétcos
representatives is called a ‘transversal’ of tlediagroup.) You are now asked to select a charact
from the C3 table to induce up to G. Characteesnambered by row. Row 1 is just the trivial
character and usually will not give the most useésult, so choose row ‘2’ and confirm your
choice of {1 ¢ c¢*}. The program displays to thereen some intermediate steps in the induction
procedure, but we focus on the result which issee2-D matrices foa andb and the induced
character. These are given as

Matrix representation of 'a' is Matr ix reprn. of 'b' is
[c 0] [0 1]
[0 c*] [1 0]

Induced character is
2 0 c+c* where c = exp(2*pi*i/3).

The meaning is as follows. The six elements o£EB can be represented by six 2-by-2 matrices
formed from the two above matrices Boandb plus their matrix produc&®*2, ab anda™2 b, plus
the identity matrix |

I=[1 0]

[0 1]
ar2=[c* 0] ab=[0 c] arb = 0 c*]
[0 c] [c* 0] [ c 0]

All of these matrices are different so this is ighfal representation — it captures all the projesrt

of the group S3. Note that the matrices are coxnghel orthogonal (unitary). It is worth checking
thata"3 =b”2 = | and thaba=a"2b. For this a computer symbolic algebra packageadst
convenient, so the program outputs @ahendb matrices in formats suitable to paste into Reduce,
Maxima/Macsyma or Mathematica.

A character is, by definition, composed of the ésaof the matrices in each conjugacy class. There
are three classes, as identified above. | isdiass by itself and the trace of the | matrix i4%2.

a anda™2 constitute another conjugacy class and the thteeir matrices is c+c* = —1. The other
three elements, containig form the third class and for each the tracesofritatrix is 0. This
illustrates the general rule that the charactewnejabeing equal to the trace, is the same for all
elements in one conjugacy class. The induced ctaars therefore (2 0 -1).
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Let us look in more detail at the induction proce@Refer to Step 8 in Part 1.) An intermediate
stage of the induction procedure requires coubttiept of the number of times an element of the
form (g2 f gs) is @ member of H, where {l,g.... ,a} are a transversal representing the factor
group G/H. The program lists these counts in ayaone column for each conjugacy class of G
and one row for each element in H as follows:

Classlabel |K 1 K 3 K 2
4

Elementidno. | 1 2
Element |1 b a
1 |6 0 O
c |0 0 3
cc |0 0 3

For example, in the conjugacy class of G contaielegnent 2 =, a2 was formed three times
from products of the formg, * f gs. In H,a*2 has character value c* (left most column). Hjuste
easy to work out the induced character in G fromdlray. Simply multiply the number of
occurrences by the character value displayed ttethesum down the column and divide by the
order of h, [H|. The conjugacy classadfas induced value (3c + 3c*)/|H| = c+c* = -1, on
substituting for c, in agreement with that foun@dabdfrom the trace of the matrices.

This completes the character table, which we giwvedmpleteness:

Group S3 = D3

Class label | K1 K3 K2
Elementidno. | 1 4 2
Repr. Element | I b a
Numberinclass | 1 3 2

Orderofelement | 1 2 3
Order of centraliser] 6 2 3

Trivial char. | 1 1 1

WordGroups offers the option to induce another att@r from the same subgroup. Type 'y’ and
select character ‘3’ from the cyclic subgroup. éltitat the induced matrix representation is the
complex conjugate of that from row 2 of the subgrtable. This leads to a general rule: if X is a
character containing complex numbers, then X*s® @ character. (In this case the character is
real even though the matrix representation is ceripl

Next say 'y’ to looking at another subgroup. Ttimse we will chose subgroup number 2, which

has the elements {l , b}. Element 4 has ordeh@,arder of the cyclic subgroup, so say ‘y’ to the
program calculating the C2 character table, anddad character from this using row 2 which is
{1 —-1}. The program now induces a matrix repreaton of S3 of dimension 6/2 = 3. It outputs

Matrix representation of 'a' is Matrix reprn. of 'b'is
0 0 1 -1 00
1 00 0 0 -1
0 1 0 0 -1 0

Induced character is
3 -1 0.
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Again you can use a computer algebra program tokctiat these matrices, when combined by
ordinary matrix multiplication, generate a groupsaglements with all the properties of S3. The
trace of thea matrix is O and that of the matrix is —1. Clearly the identity matrix is 3-Byand
have trace 3. This explains the induced character.

Why is this 3-D character not in the characterg@bl he reason is that it is not an irreducible
character. Rather, itisthe sumof {1 -L1}and{2 0O -1}, each of which is irredulgb

The character table is made only of irreducibleatirs. In an intuitive sense, a reducible
character is larger and more complicated thandsssary to capture all the properties of the group.
The faithful irreducible representations, {2 61 } in this case, are exactly the right size to
capture all information in a group with nothingsfeare.

The factthat {3 —1 0} is asum of the tracés 1-D and a 2-D matrix is a consequence of a
celebrated theorem due to Heinrich Masche. Hegatalkat all representations of a group, whether
by matrices or their corresponding linear transfations, are either irreducible or the sum of
irreducible representations. By ‘sum’ here we maairect sum of subspaces; each and every
matrix in a group can be put in the form of a bldikgonal matrix by a suitable transformation of
co-ordinate basis, and this one transformatioh@ssame foevery group element. Note that the 3-
D matrix for b above is already in block diagor@inf

[P 0] where P=[-1]and Q=[0 -1]
[0 Ql -1 0]

We can illustrate this conversion to block diagdoain by a change of basis, as follows. A change
of basis of matrix M from basis;Bo B; is effected by a similarity transformation invaigia non-
singular matrix T:

Mlgz2=T 7 Mg T.

One matrix T which will produce a block diagonalsture for all matrices representing group G is

[ 2 1]
[1 - -] which has inverse 1/T =
[ 3 3]
[ ] [1 1 1]
L1 2] [ - — ]
T=[1 - -] [3 3 3]
[ 3 31 [ ]
[ ] [-1 0 1]
[ 1 1] [ ]
[1 - - [0 -1 1]
[ 3 3]
With this, matrix A transforms agr*A*T =
[100] which is in (1x1 + 2x2) block diagonal form

[ ]
[0 0-1 Ithastrace=1+(-1)=0

[ 1]
[0 1 -1]

The matrices for the other elements of S3 transfasrfollows:
UT*B*T =

[(1 0 0]

[ ]

[0 -1 1] with trace = -1 +(0) = -1

[ ]
[0 0 1
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LT*A*B*T =

[[(1 0 0]
[ ] trace = -1 +(0) = -1.
[0 0 -1]

[ ]
[0 -10]

LUT*A*A*B*T =

|

[0 10] trace = -1 +(0) = -1.
[

[

LT*A*A*T =

[10 0]

[ ]
[0 -1 1] trace=1+(-1)=0

[ 1]
[0 -1 0]

The trace of a matrix remains unchanged under #asity transformation so the group character,
being the traces for each conjugacy class, is{Sill-1 0}. The upper left 1x1 block in the
matrices gives the character {11 1} whilst the 2x2 block gives the character {@ -1 }.

Notice that although this is in a block diagonahipthe matrix fom is

[0 -1]

[1-1] involving only real numbers, and not the complgxresentation

[c* 0]

[0 c] where ¢ = exp(2*pi*i/3) as was found from the intlao on C3.
Similarly the matrix fob is

-1 1] [0 1]

[0 1] and not [1 0] as found by the C3 induction.

This is because an irreducible representation esa many matrix representations, related to each
other by similarity transformations. They all davie the same trace, however, (a key property of
similar matrices) and indeed this is one reason thibytraces of the matrices, in a character table,
are such a powerful summary of many group charatts

2.6 Another dihedral group, D4
D4 is the full symmetry group of a square. It hdsur-fold rotation axes and four mirror lines, so
we expect a cyclic subgroup of order 4 plus folrgsaups of order 2.

Entera with order 4b with order 2, one relation with LH®% and RHSaaah aaameansa"3,
which is the inverse di.

All the dihedral groups pPhave generato™n = |,b*2 = | ,ba=a'b. Theb generates the
reflection symmetry and theethen-fold rotational symmetry.

The program generates this set of elements
No. Element Inverse Inverse No.
1 1 | 1
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a"2b a2b 7
a"3b a"3b 8

2 a a3 4
3 an2 an2 3
4 a3 a 2
5 b b 5
6 ab ab 6
7

8

and reports the five conjugacy classes, sorteddarading order of element, as:

Class 1 has 1 elements of order 1. 1 order of ¢ entraliser is 8
Class 3 has 1 elements of order 2: 3 order of ¢ entraliser is 8
Class 4 has 2 elements of order2: 5 7 order o f centraliser is 4
Class 5 has 2 elements of order2: 6 8 order o f centraliser is 4
Class 2 has 2 elements of order 4. 2 4 order o f centraliser is 4

where | have added on the right the order of tiirakser. (All elements in the same conjugacy
class have the same order of centraliser.) Nate th

(number of elements in conjugacy class) x (ordexenitraliser for class) = |G|.

This is true for all groups and is an example ef‘trbit-stabiliser’ theorem. Here, under the grou
action of conjugation, the centraliser is the $etlements which, by commuting with element g
leave g unchanged or ‘stabilisedgy *g; g = g.. The centraliser dfs is therefore the special name
for the stabiliser ofj; under conjugation. Converselygif *g: g» = gs. # g1, theng, andgs are in

the same conjugacy class, from the definition ofj@gacy. gs is in the orbit ofy; under

conjugation, meaning thgt can be ‘reached’ frorg; by some path involving only conjugation.

The ‘orbit-stabiliser’ theorem is a consequencearirange’s theorem because there is a bijection
between the cosets of the stabiliser of an elegand the elements in the orbitgtinder
conjugation. As an example of how this theorenliappio D4, consider the element number 6 =
ab. Its centraliser is the set of elements numbgte8, 6, 8}. This means that 6 does not
commute with {2, 4, 5, 7}. Observe that {2, 4, %,i¥the coset of { 1, 3, 6, 8} and these two sets,
with representative elements 2 and 1 respectiyalstjition G. Conjugation of 6 with any of

{1, 3, 6, 8} produces only 6 (by definition of tleentraliser), whilst conjugation of 6 with the cbse
produces only element 8a23b. Thus {6, 8} forms a conjugacy class. Elemeit éis class can
be paired with the centraliser set {1, 3, 6, 8}d @ement 8 paired with its coset {2, 4, 5, 7}.

Looking at the subgroups found, the program prints

Consolidated list of 4 proper subgroups derived fro m centralisers of all
elements:

Subgroup No. 1 of 4 elements :1 2 3 4 (H1)

Subgroup No. 2 of 4 elements :1 3 5 7 (H2)

Subgroup No. 3of 4 elements :1 3 6 8 (H3)

Subgroup No. 4 of 2 elements :1 3 (H4)

From this table we can construct a lattice diagraishow how one subgroup fits inside another:
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(cyelic on a) (C2xC2) (C/2><<
H4 C2 C2 C2
7= {1, a% {1 b} {[La’h} {Lab} {La’b}

\\//

This is consistent with our expected symmetriea sfluare and in addition shows that two
reflections combine to give a direct product gr&$xC2, called th&/iergruppe (German for 4-
group). You can evaluate the cosets to provealh#te order 4 subgroups are normal, but the
order 2 ones are not.

The program goes on to compute the derived subgasglements {1, 3}, which here coincides
with the centre Z. The four cosets of this forra #belianisation factor group, of type C2xC2.

Note on automorphismsThis is probably a suitable place to note thategafion is an example of
group automorphism. An automorphism of a grous @n isomorphism of G onto itself. That is,
it is a bijective mapping of elements which respele group ‘product’ operation, soAfif an
automorphism of G, anfdg are two elements in G,

A(fg) = A(f)r-A(g) where is the group product operator.

Not all bijections of the set of elements onto teelwes are isomorphisms. Consider mapping an
element to its inversg, > g‘l. This is always a bijection because every eleroE@ has a unique
inverse, but does it respect the group operatiéit? any elementsandg

(fgy* =gt !
and this equals™®- g only if f*andg™ commute; that is, only if the group is abeliar i non-
abelian groups mapping to the inverse is not annaoitphism.

Conjugation, however, is an automorphisnevery group. To see this, note thatAf(x) means
‘form the conjugate of elemertwith elemeng’ :

Adfg) = a'(fgla =a(faa'g)a= @'fa)(a ga) =Adf) Adg)

The automorphisms of a group G themselves aceléments of a group (called the ‘automorphism
group of G’, denoted Aut(G) ). The automorphisrfisated by conjugation form a subgroup of this
called the ‘inner automorphism group of G’, Inn(G)ith this definition we can think of a normal
subgroup of G as one which is invariant undemaler automorphisms. This way of looking at
things was the great insight of Galois in elucidgtihe symmetry of the roots of polynomial
equations, and hence which polynomial equationseasplved by a formula involving addition,
multiplication and square roots.
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So what is the inner automorphism group of D4?e WerdGroups (or PermGroups) to calculate
all conjugates. For example, consider conjugatiidh element 2 =a. Under the operation
Ax(g) = (a"3) g a elements (by number) map as follows
121, 222, 323, 4>4, 5>7, 6>8, 725, 8>6.
This is the permutation (57)(68) in cycle notatidimilarly

A1 =A3; = (1) = Identity
Ar=As= (57)(68)

A5 = A7 = (24)(68)

A6 = A8 = (24)(57) .

Thus there are only four independent automorphimpeations.e. bijections from D4 to D4. The
above set contains the identity plus three pernmuntsitof order 2. Moreover (24)(684)(57) =
(57)(68). The inner automorphisms clearly formergruppe, C2xC2. Note also that the
elements 1 and 3 which map to the identity of Iif)([bgether constitute the centre, Z, of D4. In
this case they also equal the commutators in theedesubgroup The four cosets of the derived
subgroup constitute the factor group D4 / Z. Soceue see that G / Z is isomorphic to Inn(G). This
is a general property of inner automorphisms in guoyp.

Can we find the other (‘external’) automorphism®df? There are restrictions on the possibilities.
For instance, any automorphism must send an eleofi@ntierk to another element of orde(see
footnotef. Moreover, there is a theorem that states thg@@) is a normal subgroup of Aut(G).
Accepting this, the order of Aut(D4) must be a nplét of 4. We get one clue how to generate
Aut(D4) from observing that the permutation (24)laeesa by a*3 =a ‘anda"3 bya, where
a = (a*3)"3 moda™4. Similarly permutation (68) replaceb by a*3 b andviceversa. So we
might suspect that one type of automorphism reglati@ by a*3, leaving thé unchanged.
Permutation (57) replacésby a*2b andab by b. This operation would replaed by a*3b and
a"3b by a*5b = ab, which is the permutation (68) again.. If you tekether the two operations

pKk) =x ifx=a QK =x ifx=b

=aM2x if x=b =x"3 ifx=a

together generate a group of automorphisms, yduind that p and Q both have order 2 and
together generate a group of only 4 elements. Witisiot do because we need one generator to
have order 4. Fortunately this can be arrangedeifiping operation P, similar to p, as follows:

P& =x ifx=a QK =x ifx=b
=ax ifx=b =x"3 ifx=a

The table below shows the effect of powers of & @Qroperating on the elements of D4:

1=Px) P(x) Bx) P(x) Q(x) Q(P(x)) P(Q(x))

a a a a %a a a

a & a a & & a

a a a a a a a
b ab % &b b E'0 ab
ab g &b b db &b ab
&b &b b ab ) ab )
ab b ab ) ab b b

3 Sketch proof. First note that an automorphismusnsend the identity to the identity. fig the image of the

identity I, and g= A(g) is the image of general element g, themisgphism requires that A(g) = A(l g) = A(l) A(g) =
€qg = d by definition of ¢, so éis the identity in the image, and is the only edetrmapped from I. Second note that if
g has orden it means that gi*=1 and gk# | fork <n. A(g"2) = A(g- g) = A(g)-A(g) = [A(9) ]2 so, by induction

on the index, products map to products. Hencetie power of g which can map to the identity ing®
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You see that P has order 4, Q order 2 and thatdp&PP(Q(x)). The eight operations {I, P,
Q, PQ, BQ, PQ} form a group of type D4. This is, in fact, tagtomorphism group of D4, so D4
is isomorphic to Aut(D4).

To complete the analysis we should prove that {) Bnd all their combined operations are indeed
automorphisms and ii) there are no more automonphisRegarding i) you can see from the above
table that each operation is a bijection. To baethey respect the D4 group product, consider the
various cases, each of which is an example of hproduct maps to a product:

PE-d") =d-d"=P@)PE")

PEAb d") =d"b d" = P(@b) P@")

P@Eb d"b) = &*'b &b = P(@b) P(d"b)

Q(d'b) = &"-b = Q) Q(b)

Q(-d") =a"a™= Q) Q")

etc...
where- denotes concatenation.

So we have found the automorphisms of D4. Noteithizrms of the conjugates discussed above,
A; = Az = Identity = B= Q% A, = A, = (57)(68) = B, As = A; = (24)(68) = QAs = Ag = (24)(57) =
P’Q. Finally, if the automorphisms of a group G dehentirely of its conjugate operations in
Inn(G), the group is called ‘complete’. D4 is nomplete because it has 4 distinct inner
automorphisms and 4 external ones.

Advanced Option:When the program prints the four left cosets ofabemutator (derived)
subgroup, you will see that the first elements{gra, b and ab}. This is not a cyclic group sde¥n
‘n’. The program asks whether it is the V-4 Vienppe C2xC2, which itis, so type ‘y’. There are
four linear character which are lifted from C2x@#ving only the last character incomplete. (The
program has built into it the character tables BkC2 and C4xC2 which are quite easy to
recognise by eye. It does not have the facilitgriter the character tables of other derived
subgroups. In these cases you will have to wotklwmulifted linear characters yourself.)

We have some choice over how to determine the 2#uiémonal character. Later we will find it by

induction on a subgroup, but first let’s calculatigom the linear characters using the orthogdwali
relations. Essentially these involve the ‘dot prettiof rows and columns. For complex numbers
the dot product is with the complex conjugate: thgdas b cX (d e f)=ad*+ be*+cf*. The

orthogonality relations say that :

1) The first column dotted with itself sums to |Gprb4, 1-1 + 1-1+1-1+1-1+2-2= 8.

2) Each other column dotted with itself sums to |[B]| ivhere |K| is the number of elements in
the conjugacy class for that column. (This qudtegyuals the order of the corresponding
centraliser.) Thus in column 3 the dot productads&/2 = 4.

3) The (complex conjugate) dot product of two diffdreolumns is zero..

4) For a row dotted with itself, weight each term bg humber of elements in that conjugacy
class. Then the sumis |G|. Thus is row two, 3*1*(1%)+2*(—1)%+2*(-1)*+2*(1)* = 8.

5) The dot product of two different rows, weightedtbg numbers in each conjugacy class, is
zero.

Rule 2) applied to column 2 means that the dotycbdith itself equals 8/1 = 8. The bottom value
in this row must therefore be +2 or —2. Similarycolumn 3 the dot product equals 8/2 = 4. We
already have+ (-1Y + 1*+(-1¥= 4 so the bottom value must be 0. Similarly wita other
columns. Apply rule 3) to columns 1 and 2 to $ex the bottom value in column 2 must be —2.
We therefore have determined the last charactee{@ -2 0 0 0). Rule 4) shows that thi
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an irreducible character because 1*(2-2) + 1*(—2)-¢ 0 + 0 +0 = 8 = |G|. With a reducible
character the weighted dot product would exceed |G|

We have a further useful rule:

6) When all the irreducible characters are weightethlbyr dimension (or degree — that is,
each character is multiplied by the value in itstfcolumn) and added column by column,
the sum is the regular character. The regularaciaris (|G| 0 0 O ..... 0 ), which in this
caseis(8 0 O O 0). The regular ottaracorresponds to representing the group
elements by |G|-by-|G| permutation matrices (en@ier 1 only) and so corresponds to
representing the group as a subgroup of the synoggtup on |G| elements.

In this case the weighting on the linear charaatesamply 1 and theirsumis (4 4 0 0). O
Subtract this from the regular character to get{44 0 0 0 ). This must equal twice the
bottom, 2-dimensional character.

Now obtain the same character by induction on tagsoups in turn. Enter ‘n’ to inputting
another subgroup and 'y’ to examining a subgrobpst select subgroup 1. The program detects
that this is cyclic. Let it generate the charatabte from element number 2= a, and choose

character (row) 2. The induced character is regloas
2 2 0 0 0.

Finally induce a character from subgroup 3, witmatnts {1, 3, 6, 8} ={ I, a2, ab, a*2 b}. The
program reports that this subgroup seems not tytlee. Since there are only four elements, it
must be the VierGruppe C2xC2. Indeed it is geeeraly elements a”2 and ab. The program does
not determine the nature of subgroups except cgaligroups, but does offer the option to input a
character of the subgroup if you know what it @nfrother considerations. In this case if a2 has a
1-D matrix representation [1] and ab is [-1], tlé8 b is [-1] and | = (a”2)"2 is [1]. The

character is the trace of these matrices.

When asked to input a character from the keybaartér the character value of each subgroup
element as prompted. Here enter 1, 1, -1, —o#isply. The program returns the induced
character (2 2 0 -2 0). Thisis cleanty the 2-dimensional character we found aboves Th
fact that its weighted dot product i$2?+0+2x(—2f+0 = 16 = 2|G| confirms that this is not an
irreducible character. In fact is it the sum oklar characters 2 and 3. Induction on this sulpyro
therefore tells us nothing new about the chardatde of D4.

Finally, if you induce from subgroup No 4 = (I, @’&hich is the centre Z , you will get the
character (4 —4 0 0 0). This is preciseligé the 2-D irreducible character. All charactais
either irreducible or the sum of irreducibles.

2.7 Comparison of D4 (dihedral) with Q (quaternior)
In this exercise you are invited to compare thaigsoD4 and Q which each have eight elements
and share other similarities.

To create Q enter order afis 4, order ob is 4, two relations, first LHS ba, first RHS =aaah,
second LHS b, second RHS aa This setd?=a’. (In a strict mathematical sense the first
relation is not necessary sing®2 =a"2 anda™4 = | together imply that"4 =1, but in the context
of this program it is necessary.)

The list of elements for Q is the same as for Ddtheir inverses are different, as this table shows
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Group D4 Group Q

No. Element Inverse No. Element Inverse
1 1 | 1 1 |
2 a a3 2 a a3
3 a2 an2 3 a2 an2
4 a"3 a 4 a"3 a
5 b b 5 b a2 b
6 ab ab 6 ab a"3b
7 a2b a2 b 7 a2b b
8 a"3b a"3b 8 a"3b ab
This makes the order of the elements different. hBgl
2 elementsoforder4 : 2 4
5elementsoforder2 : 3 5 6 7 8
while Q has
6 elementsoforder4 : 2 4 5 6 7 8

1 elements of order 2 : 3

This difference of orders produces a differencéhéstructure of the subgroups. Whereas D4 has
two subgroups of order 4 with type C2xC2, in Qsalbgroups are cyclic.

Advanced Option :You can show that D4 and Q have the same chanattiess. This fact means
that the character table is not a unique identdfea group. The difference between the groups is
illustrated by the two-dimensional matrix represgions of the groups. For D4 induction on
subgroup number 1 gives the generating matrices

i 0] [0

a= [ ] b:=
[0 -] [1[ 0}

These differs only by one minus signbinbut this imparts the quaternion multiplicatioperties

to some of the group elements. Recall that théegoi@mns are a four-dimensional type of complex
number of the form q = A +iB+ G + Dk wherei®=j?=k?* = -1 andj = -k, jk = i, ki = 5. Any of
the non-commuting pairs of order-4 elements wilgyate quaternion properties. Here are two
examples with the above matrices

Example 1 : a= b¥=(a®b)?’= -1, a*b =-%, b*adb=-a, &*a=-b.
Example 2: (%= (abf = (£b)*= -1, &*ab = —&b, ab*db = -&, &b*a> = -ab.
2.8 An abelian semi-direct product C30C4
This is also called the dicyclic group Q6. A satirect product G is the product of two of its
subgroups H and N where
i) only one subgroup N is normal in G and

i) N and H have only the identity | in common.
We have already noted that S3 = D3 =[@3, where C3 is normal but C2 is not.

Enter order ot is 4, order ob is 3, 1 relation, LHS iba, RHS isabb.
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There are 12 elements falling into 6 conjugacysgas When the program gets to the abelianisation
factor group, type 'y’ to confirm that it is cyclithen ‘a’ to state that the group is generated.by

Use the program to look at the cosets of the swipgro You will find that none with four elements,
namely Nos. 2, 3 and 4, is normal. The only norsudigroup is No 6 = {I, b, b2}, which is C3,
one of the product groups. This illustrates themirgg of ‘semi-direct product’.

(You can also generate the group from: ordexisf3, order ob is 4,ba= abb : See Appendix).

Advanced Option The program prints the four linear characters duvs two 2-dimensional
characters. You can try to determine these fraotthogonality relations by solving the
consequent simultaneous equations. It is clean frolumn orthogonality that the entries in the
second column of both two dimensional characterstipe +2 or -2, that in columns 3 and 6 the
entries must to +1 or —1, and in columns 4 ande5ethtries must be zero. We therefore have
characters of form

The regular character is
12 0 0 0 0 O

and the four linear characters add to
4 0 4 0 0 O,

so twice the sum of the 2-dimensional characterst e
8 0 -4 0 0 O

or their sum is
4 0 -2 0 0 0.

The only two combinations which fit are

2 -2 -1 0 0 #1
2 2 -1 0 O 1.

The choice of sign in column 6 is decided by takimg dot product of columns 2 and 6, which
should be zero. The completed character table is

Group C3 [0OC4=Q6

Classlabel | K1 K3 K5 K2 K 4 K_6
Elementidno. |1 3 5 2 4 9
Element |1 a2 b a a3 a "2b
Numberinclass |1 1 2 3 3 2
Orderofelement| 1 2 3 4 4 6
Order centraliser| 12 12 6 4 4 6
Trivialchar. |1 1 1 1 1 1
1 -1 1 i - -1

=
=
=
'
=
=
=

=
=
=
)
'
N

N
N
'
=
o
o
=

2 2 -1 0 O -1
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You can confirm these characters by using the prago induce characters on subgroup number 1,
which has 6 elements and so will give a represiemtatf dimension 12/6 = 2. Select this
subgroup. The program says that it is cyclic drad €lements 9 and 10 will generate it. Select
element 9 as the generator. The program prints

Character table of cyclic subgroup generated by ele ment No. 9 = a2 b of order 6
is

I~ ~2 "3 " 75
1 9 6 3 5 10

1 1 1 1 1

c c2 -1 «c¢2* c*
c2 c2* 1 «c2 c2*
-1 1 -1 1 -1
c2* ¢c2 1 «c¢c2r c2
c* c2* -1 c2 c

RPRRRRPR

Here c = exp(Z i /6), and * denotes complex conjugate.

Select row 2 of the above table as the basis fhrdtion. The induced character is printed as
2 -2 c2+c2* 0 0 c+c*

which becomes
2 2 -1 00 1

when the value of c is substituted.

Now select to induce another character from theessumbgroup and this time select row 3. The

induced character is
2 2 c2*+c2 0 0 c2+c2*

or
2 2 -1 0 0 -1

which is the other irreducible non-linear charact€heck that it is irreducible by evaluating its
weighed dot product with itself : 1*2 1*2% + 2%(—1F + 0 + 0 + 2*(-1§ = 12 = |G|.

If you induce a character from the cyclic subgroumber 2 with 4 elements, you obtain the

character
3 3 0 i -4 o

This must be reducible and in fact is the sum wfsr@ and 5 in the character table:

1 -1 1 i - - 1
2 -2 -1 0 O 1

Finally, if you use the transformation matrix T givin §2.4 on the induced 3-dimensional matrices
for a andb, you will find that they, and all other group elents, are converted to block diagonal
form. For example,

[i 00] [0 0]
a= [O[O i]] and T™-1)aT = [0 -1
%O i %)] {O 0 -]i]

They give the characters(1 -1 1 4 -1 )+ (2 -2 -1 0 01), consistent
with our deduction above.
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2.9 An Alternating Group, A4

This and the next exercise concern the symmetoigmB64 (24 elements) and one of its subgroups,
the alternating group, A4 (12 elements). Physyc&Hl is represented by all the 4! permutations of
4 elements. The group A4 is made up of all pertiaria which can be composed from an even
number of transpositions. When taken together itstbne coset, which is the odd-order
permutations, A4 is augmented to form S4.

A4 is the symmetry group of rotations of the regiddrahedron, so A4 is sometimes called the
chiral tetrahedral group. (If mirror reflectionseadded, the 4 vertices of the tetrahedron can be
arranged in every permutation and its symmetry gtmecome S4.) To picture the subgroups of
symmetries consider the following

The tetrahedron has four equal faces each of wkiah equilateral triangle, and hence the
solid has four equivalent 3-fold rotation axes.clitauch axis is at right angles to a face and
passes through the fourth vertex. A ARflation about, say vertex 1, will cycle verties3
and 4, leaving vertex 1 fixed. In cycle notatibistcorresponds to (1)(234), which involves
precisely two transpositions. Since rotation careither clockwise or anticlockwise, we
expect twice 4 = 8 elements of order 3 in the group

The three 2-fold rotation axes are found as followake a pair of vertices, 1 and 2 say, and
find the midpoint of the edge which connects thddm. the same with the other two
vertices, 3 and 4. The edges 1-2 and 3-4 are péiqéar and the line which joins their
midpoints is perpendicular to both of them. Thisd line is a 2-fold axis rotation axis.

It is possible to present A4 as a group of wordsamngeneratora andb subject toa® = 1, b® = 1,
(ba)® = I. However the relatiorb@)® = | cannot be entered as such into WordGroupsalRehat
the program generates all stringsa@ndb, so will produceébbabbabba... It is therefore
necessary to derive frorbd)® = | two relations which ensure words of finitedgéim Moreover, in
each relation the LHS must startirand end ira, and the RHS must startanand end irb. Hence
in the program enter:

order ofa is 2,

order ofb is 3,

2 relations,

LHS =baba, RHS =abb,
LHS =bba, RHS =abab.

The correct 12 elements will now be generated.

The alternating and symmetric groups are casehiohwt is easier to see the group as built from
permutation cycles using PermGroups. A4 is thegmf all even transpositions on 4 elements.
There are two types of even transpositions: oneshadre disjoint pairs of 2-cycles, and ones
which are overlapping pairs of 2-cycles. Hencetak (12)(34) (disjoint, order 2) ara=
(13)(12)= (123) (overlapping, order 3). Produdtthese are the following group elements :

No. Word Permutation Inverse
11 1)) (3)(4) l

2 a (12)(34) a

3 b (123) (132) =b"2

4 b2 (132) (123)=b

5 ab (243) (243) = abab

6 ab"2 (143) (134) = ba

7 ba (134) (143) = ab”2

8 abab (234) (243) = ab
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9 aba (142) (124) = bab

10 bab (124) (142) = aba
11 bab”2 (14)(23) baba"2
12 abab”2  (13)(24) abab”2

You can see various conjugacy classes from therdift cycle types.

Let’s look at another example of the orbit-stakllitheorem here. With conjugation as the
operation this is the ‘conjugacy class-centralibeorem’. It says that the order of the centralise
multiplied by the number of elements in the conjrygelass equals the group order |G|. Take, for
example, element 5 = ab. Its centraliser has el&sr{&, 5, 8} and the cosets of this subgroup are
{2, 4,9}, {3, 6, 12} and {7 10, 11}. Under conjugation all the elements in429} send 5 to
element 7, all those in {3, 6, 12} send 5 to 9, alidhose in {7 10, 11} send 5to 3. The
conjugacy class containing 5 is {3, 5, 7, 9}, aadlecoset of the centraliser sends 5 to a different
member of this class. This is a bijection.

The derived subgroup is calculated to be {I, ab’babaB}. By looking at the cosets of the
various subgroups, checks that this is the onlynabsubgroup. Enter an additional subgroup
{I, a}from the keyboard and show that this too && normal.

Of the five groups of order 12, A4 is the only aniéhout a subgroup of degree 6. In particular S3
is not a subgroup of A4 because S3 has elemertsasu 2) which have an odd number of
transpositions.

Advanced Option The three cosets of the derived subgroup haveseptative elements
(transversal) {I, b, § so type ‘y’ to their forming a cyclic subgroup@ b’ as the letter involved.
The program calculates the character table ofahddianisation factor group, C3, and lifts its
characters into the character table for A4. Théetat this stage shows a single incomplete
character of degree 3. This occurs beca@s#’+1°+3? is the only combination of square integers
to equal 12 = |G]|.

This character, which must be faithful, can be thtnom the orthogonality relations. Suppose it is
(3 p g r) where p, qandr are to be fountle fcomplex) dot product of the second column with
itself is 4, so p = £1. The dot product of thetfiand second columns, being zero, shows that

p = -1. The dot product of the third column witeif is 3 (order of centraliser) so g must be 0
since |e|] = 1. Similarly with r. The completeduccter table of A4 is therefore

Group A4

Class label | KL K2 K3 K4
Elementidno. |1 2 3 4
Element |1 a b b*2

Order of element | 1 2

b
Numberinclass |1 3 4
3
Order centraliser |12 4 3

4
3
3

Trivialchar. |1 1 1 1

where e = exp(2i/3).
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We will now obtain the degree-3 character by initucon a subgroup. Thé"Bubgroup listed is
the derived or commutator subgroup, which happemetidentical to subgroup 1. Select either
copy of this subgroup. It has elements {1, 2 P4, TThe program says that it is not cyclic, so it
must be C2xC2. Say 'y’ to calculate multiples l&neents and type 2, <RTN>, 11,<RTN>, 1
<RTN> to calculate the product of elements numBedsl, 1; this is 2x11 = element 12 since
element 1 = 1. Now elect to enter a character ftioenkeyboard and type 1, 1, -1, -1 to each
respective prompt. This enters the character vhlioe element 1, 1 for element 2, —1 for element
11 and -1 for element 12 The induced charact® is1 0 0) as required.

It is worth looking at the 3-D matrices which reggata andb:

[1 0 0] 0 01]

a:[[O-l]O] b=[1 00]

[ ] [ ]
[0 0-1] 0 10]

Consider these operating by matrix multiplicationtbree mutually perpendicular vectery and
z. awould leavex unmoved, but reverse the directiong/@indz. This is equivalent to a 180
rotation about the axis Elements 11 and 12 behave similarly, keeping yendz respectively
fixed. Matrixb causes, y andzto cycle into the ordeg, x, y. All the rotational symmetry
properties of the tetrahedron are representedéotwtblve matrices built frora andb.

In the program if you select subgroup 4, you wakk shat it is cyclic, C3, generated by either
element 6 or 7. If you induce a character onghtsgroup, it will have degree 12/3 = 4. If you
select the character in row 2 of the C3 table, wdluget the induced character of A4 to be

{4 0 e* e}. Thisisthe sum of the two irtezble characters (3 -1 0 0)+ (1 1 e).

A4 has some distinguishing features. It is thellesiagroup with an irreducible 3-dimensional
representation, and the largest group with only &mnjugacy classes (and hence four irreducible
characters). Of the five groups of order 12 this only one without a subgroup of degree 6.

2.10 The symmetric group, S4
Like its subgroup A4, S4 can be generated usingd@osups froma andb using the relationa? =
I, b* =1, (ba)® = I. However, as with A4, it is necessary to mivthe program generating infinite
strings ofbabababa....,bbabbabba... andbbbabbbabbba.... Hence enter:
order ofais 2,
order ofb is 4,
3 relations with
1 LHS =baba, RHS =abbb,
2 LHS =bbba, RHS =abab,
3 LHS =babba, RHS =abbabbb.
The program will now generate the 24 elements of Iuggest you elect to have a thorough check
on consistency when prompted.

It is easier to see how S4 is generated by usingytations on 4 elements. This readily done using
PermGroups, but here observe that# (12) ando = (1234) we have:

No. Element Permutation Inverse Inverse No.
11 (D(2)3)(4) I 1

2 a (12) a 2

3 b (1234) b"3 5

4 b2 (13)(24) b2 4
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5 b"3 (1432) b 3
6 ab (234) abab 11
7 ab"2 (1324) b"2 a 10
8 ab”"3 (143) ba 9
9 ba (134) ab”3 8
10 b"2a (1423) ab”2 7
11 abab (243) ab 6
12 aba (1342) bab 14
13 ab”2a (14)(23) ab”2 a 13
14 bab (1243) aba 12
15 bab”2 (142) b”2 ab”3 19
16 bab”"3 (23) bab”3 16
17 b"2ab (132) aba b3 21
18 b2 ab”2 (34) b”2 ab”2 18
19 b*2ab”3 (124) bab”2 15
20 abab”™2 (14) abab”2 20
21 abab"3 (123) b"2 ab 17
22 ab”2ab (13) ab”2 ab 22
23 ab”2 ab™2 (12)(34) ab”2 ab”2 2 3
24 ab”2 ab"3 (24) ab”2 ab”3 24
There are
9elementsoforder2 : 2 4 13 16 18 20 22 23 24
6 elementsoforder4 : 3 5 7 10 12 14
8 elementsoforder3 : 6 8 9 11 15 17 19 21

You can see that elements 2, 16, 18, 20, 22, 24 aalifferent cycle structure from elements 4, 13
and 23, even though both sets have order 2. Thesy be in different conjugacy classes. Indeed
the list of the five conjugacy classes confirmsthi

Class 1 has 1 elements of order 1. 1

Class 2 has 6 elements of order2: 2 16 18 20 22 24

Class 4 has 3 elements of order 2: 4 13 23

Class 5 has 8 elementsoforder3: 6 8 9 1 1 15 17 19 21
Class 3 has 6 elementsoforder4: 3 5 7 1 0 12 14

We can use a little combinatorics to find somethinigresting about the number of conjugacy
classes in any symmetric groug. SThe number of conjugacy classes ineguals the number of
partitions of the integer N. A partition of N isaay of splitting N into the sum of lesser integers
Here is a table of all the partitions of integer$46 and 7:

4 5 6 7
31 41 51 61
22 32 42 52
211 311 411 511
1111 221 33 43
2111 321 421
11111 3111 4111
222 331
2211 322
21111 3211
111111 31111
2221
22111
211111
1111111
P(4)=5 P(5)=7 P(6) = 11 p(7) = 15
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Suppose we associate with each partition a unigcle structure. For example 7 = 3+3+1
corresponds with the permutation (abc)(def)(g) 7n 8low each conjugacy class has a distinct
cycle type. In § all possible permutations occur, so all possigtdectypes will also occur. So
there is a bijection between the conjugacy claaedshe partition of N. We therefore expect S4 to
have five conjugacy classes, which indeed is whatd@roups and PermGroups calculate..

The centre Z of S4 is trivial; Z = 1. The deriveabgroup has 12 elements and you should find that
it has the structure of A4. This is a normal seloig: The program lists 14 proper subgroups and
clearly there are others such as {l, b*2}. | leéve you to construct a complete lattice diagram
showing how all the subgroups fit together inside S

As a window into more advanced group theory, ldbo& back over the three groups S4, A4 and
Viergruppe = C2xC2. A4 is a normal subgroup of &M C2xC2 is a normal subgroup of A4.
We come to the ‘composition series’ of nested nbsuhgroups:

| [Jc2l] caxc2 [ a4 [ sa.

In this series it is not possible to ‘insert” ar@timormal subgroup between any two neighbours, so
in this sense each normal subgroup as big as pessibat makes the quotient groups of adjacent
pairs as small as possible. The quotient subgratgsalled the ‘composition factors’ of S4 and
are:

C2/1 =C2, (C2xC2/C2=C2, A4/(C23G2C3, S4/A4=C2.

Multiply the orders of these quotient groups amd finat 2x2x3x2 = 24 = |S4|. A group G is said
to be ‘soluble’ or ‘solvable’ if G has a compositieeries of normal subgroups for which all the
guotient groups (the composition factors) are alpeli This is the case with S4. The ‘simple’
groups have no composition series other than |jmtids sense they are ‘prime’ or irreducible.

Advanced Option: The program produces an incomplete character teitiefive characters, only
two of which are linear.

Classlabel |K1 K2 K4 K5 K3
Elementidno. |1 2 4 6 3
Element |1 a b2 ab b
Numberinclass |1 6 3 8 6
Orderofelement| 1 2 2 3 4
Order centraliser|24 4 8 3 4

Trivialchar,R1|1 1 1 1 1
R2 |1 -1 1 1 -1
R3 |2 n p q r
R4 |3 s t u v

R5 |3 w x vy z

Cl___C2 C3 Ci C4&

Above | have filled the blanks with letters. Lesttuy to find some on these missing values using
the orthogonality relations. Take the weightedgtoduct of rows R1 and R2 (weighted by the
number of elements in each class), and of R2 and R3

2+6n+3p+8q+6r=0
2-6n+3p+8g-6r=0
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SO 2+3p+8q=0 andn = —r

Similarly from rows R4 and R5
2+3t+8u=0 ands = —v
2+3x+8y=0 andw=-z.

Take the (complex) dot product of column C2 wistelt. It equals the order of the centraliser for
that conjugacy class. Hence
1+1+|n|"2+|s|"2 + |w|"2 =4.

The modulus signs allows for the possibility ofta. @eing complex. | risk some intuition, even
guesswork here. | suspect that the modulus afniksing values is an integer, and that the two 3-D
characters in rows 4 and 5 share some common ésatmaking row 3 the ‘odd one out’. Hence |
conjecture that one of n, s, wis 0, that probdthly n which is 0, and that the other two have
modulus 1. In a similar fashion, C3 and C4 dottétth themselves give

[pI*2 + [t]~2 + [x|"2 = 6.
|g]"2 + Jur2 + |y|*2 = 1.
Taking R3 as the odd one out, | conjecture thatR, At =+1, x =1, =21, u=y=0.
Tentatively, the character table now looks as fadio

RL |1 1 1 1 1
R2 |1 -1 1 1 -1
R3 |2 0 22 1 O©
R4 | 3 s #1 0 -s with s, w =1

R5 |3 w 1 0 -w

Cl____C2 C3 __Ci Ca

Now use the relation + 3p + 8q = 0. The solution in integers is p = 2, g = —1. Simijjarl
2+3t+8u=0meanst=-1, and 2 + 3x + 8y =e@&ns that y = —1.

The dot product of columns C1 and C2 requiresghat-w. You can check that these conjectured
relations do indeed satisfy all the orthogonal@hations, and that their weighted sum equateseo th
regular character (24 0 0 O O0). Tompleted character table is

Group S4

Classlabel |K1 K2 K4 K5 K3
Elementidno. |1 2 4 6 3
Element |1 a b*2 ab b

Trivialchar,R1| 1 1 1 1 1

R2 |1 -1 1 1 -1
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In 83.5 of Part 3 there is a description of howse the permutation character to find one of the
order-3 characters very easily.

Now you come to the ‘structure of subgroups andiced characters’ section of the program. It
lists 15 subgroups. Reply ‘n’ to ‘do you wish tater a new subgroup from the keyboard?’, then
select subgroup No. 15 with 12 elements; thisesd#rived subgroup. We can expect to obtain a 2-
dimensional character by induction from this sif@g12 = 2, though whether it will be the 2-D
irreducible character remains to be seen. Subgimud5 is not cyclic so we need to determine its
nature, find its character table and enter oneareroharacters from the keyboard.

To find the orders of the elements in subgroup Moyou can either refer back to list at the
beginning of the print out or use calculator ofteat ‘do you wish to calculate multiples of
elements?’ There are

3 elements of order 2 : (4, 13, 23)
8 elements on order 3: (6, 8,9, 11, 15, 17219,

Use the facility to calculate products of elemeatfind the conjugates of the order-3 elements: Fo
example, entering 4 <RTN> 11 <RTN> 4 <RTN> showve thconjugate of 11 is 15. From this
evidence it is apparent that this is the group At wonjugacy classes (1), (4,13,23), (6, 8, 19, 17
(9, 11, 15, 21). Reference to the header of thelstacter table shows that these can be matched
with elements I, A, B and B”2 respectively in thedgp, where | have used capitals to avoid
confusion with the elements of S4.

We can now select the character in A4 to induceoup4. Choose (1 1 e e*) where

e =exp(2ti/3). Soin subgroup 15, elements 4, 13 and 23 aen character value 1, elements
6, 8,19, 17 getvalue e, and 9, 11, 15, 21 gefevat. Enter these when prompted. The program
responds

Matrix representation of 'a’ is Matrix re prn. of 'b' is
0 1 0 e*
10 e O

Induced character is
2 0 2 eter 0.

This is the required 2-D irreducible character.t Bok at the 2-D matrices representagndb.
You can readily show th&f is the unit matrix. However the ordertphas been entered as 4, not
2. So bottb? andb* share the same matrix in this 2-D representatibis not faithful.

To find the 3-D characters of S4 we expect to havaduce from a subgroup of order 24/3 = 8, so
select subgroup number 1 with elements 1, 3, #3522, 23, 24. Again, by calculating powers and
conjugates of elements you will be able to iderttifig subgroup with the dihedral group D4,

studied in 82.5 The header of the character tafbl®¥ shows conjugacy classes with representative
elements |, A B, AB, A, and these can be matched with the etgsnef subgroup 1 as follows:

| : 1

AZ: 4

B: 13,23
AB: 22,24
A: 3,5

First let’'s choose to induce from row 2 of the éafdr D4. As prompted by the program, enter
these values against the elements of subgroup11:11,1, -1, -1, -1, —1. The induced character is
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(3 -1 -1 0 1), which agrees withvfin the S4 table deduced above. | leave iDiDtp
check whether this is a faithful character (youldouultiply the 3-D matrices for a and b).

Next induce from row 4 of the table for D4. A®mpted by the program, enter these values
against the elements of subgroup 1: 1, -1, 1311, -1, 1. The induced character is

(3 1 -1 0 -1),whichagrees witv 4 in our S4 table . Again | leave it to youcteeck
whether this is faithful.

As a final investigation of S4, let us find a sktepresentative permutation matrices which make
plain the fact that S4 is all the permutations dedns. Recall that a permutation matrix has eatri
which are only either O or 1, with one 1 per rowd ame per column. We might expect this to be 4-
by-4 matrix. To find a 4-D representation we n&ethduce from a subgroup of order 24/4 = 6.
However the program has not listed a subgroup agro8, so we will have to find one ourselves.

It is clear that S4 must have four copies of S8uyroups, corresponding to the permutation of
three of the four items, with the fourth held cam$t You can investigate which elements form
these four S3 subgroups using the calculationdltfas of the program. One has elements

{1, 6, 11, 16, 18, 24}. Induce from the trivialaracter of S3 and obtain the matrices

[0 10 0] [0 00 1]
[ ] [ ]
[L 00Q] [1 000
a=|[ ] b =] ]
[0 01 0] [0 10 0]
[ ] [ ]
[0 00 1] [0 01 0]

These correspond to the permutatiars(12) andb = (1234), in cycle notation. Using either
multiplication of the matrices or combination oétpermutation cycles, you can show that element
number 6 =ab is (234), No. 7 mab®is (1324), No. 8 b is (143) and No. 9 ba is (134), the
inverse of 8, etc.

Incidentally, the induced characteris(4 ® 1 0), which is the sum of rows 1 arid the
S4 table.

2.11 Five groups of order 20.

This final exercise with WordGroups is to examatighe five groups of order 20. The table in the
Appendix indicates that, in addition to the cygdroup C20, groups with 20 elements may be
generated by relations

10 2 ab
10 2 %.
5 4 ab
5 4 %.
5 4 .
5 4 %.

where the meaning is that’ = I, b® = |, ba = ab, and similarly.

| leave it to you to explore these and their subgso You will find that the five groups are:
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The cyclic group C20, produced by entering [20 B6a]

The direct product C5 xC4 produced from [5 Ha=ab] and isomorphic to C20

The direct product C10 xC2, produced from [10 [#Za=ab]

The dihedral D10, produced from [10 2 a

The dicyclic Q10, which is the semi-direct prodG& 0 C4, produced by [5 4 “H].

A group called the holomorph of C5 produced frothei[5 4 ba=zb] or [5 4 ba=3b].
This is the semidirect product of C5 with its autmphism group : C51 Aut(C5).

These five groups provide an opportunity to exantieeSylow theorems. These are a partial
converse of Lagrange’s theorem — that the ordeaoh subgroup H divides the order of the parent
group G. For |G| = 20 Lagrange tells us that tders of all proper non-trivial subgroups must be
2,4, 5, or 10, but there is no guarantee thabeosip of order 2, 4, 5, or I@ust be present. In
contrast, the Sylow theorems give partial inform@atn which orders of subgroup must be present.

The key to Sylow’s theorems is to consider the priactors of |G| and their powers which divide
|G|]. For each prime factpithere will be a maximal powef" such thatp™ divides |G| bup™*

does not. Any subgroup with maximal orgétis called a Sylowp-subgroup. For |G| = 20 the
primes are 2 and 5, and their maximal powers aen@ 3. The first Sylow theorem states that
there exists at least opesubgroup for every prime factpr Therefore all five groups listed above
must each have at least one subgroup of order 4@madf order 5. Note that the theorem makes no
statement about subgroups of order 2.

The third Sylow theorem takes this further by s@gomething about about the number of Sylow
p-subgroups for eagh The number, K, a) is a factor @and b) has the form kp wherek is a
positive integer. This severely limits the numbeafrsptions for K. For |Gf 20 ando =2, 1kp=
1,3,5,7,9, 11, ... from which only 1 and 5 d&i20. Therefore the number of subgroups of order
4 is either1or5. Fg=5,K=1,6,11, ... andonly 1 divides 20Ise subgroup of order 5 is
unique. Even stronger, a unique subgroup of graeust to conjugate to itself so its left cosets are
the same as its right cosets — that is, the supgsonormal.

The second Sylow theorem states that where therseaeralp-subgroup belonging to the same
primep, they are all conjugate to each other. For aoygof order 20, subgroups H with |H| =4
must therefore all be either isomorphic to C4 ovte C2xC2, and never of mixed type.

That concludes the exercises and examples with Gfongps.
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PART 3 : PermGroups : Examples and Exercises

Note that greater detail in running most exampegiven in the parallel set of notes on
WordGroups. | recommend that you work mainly frBart 2. This Part describes aspects peculiar
to PermGroups.

Recall that in this program cycles are enteredauttbrackets and disjoint cycles are separated by
any of the characters

' [\ * X . ,
Thus(123)(567) could be entered d23'567 0r123\567  etc.

Note that when the program generates further elesrisom products of all elements found so far,
it takes note of the time taken to find the moserg element and then goes on calculating for as
long again. This is a compromise in calculatidhafoughness since to search exhaustively for
every possible combination can take a long timenathe group is large. Its effect is to cause the
program to appear to pause for a while before dtitygua list of the elements.

3.1 A cyclic group C5
This example is given in some detail, to get yoeou® running PermGroups.

C5 is the cyclic group of order 5 (also calleg). ZBefore running the program create a folder for
your output called, say, Perm on the C: drive.rt3kee program and input 'y’ to save the outpuato
file. You will have to enter the full path of tfige, e.g. C:\\Perm\C5. The program will save this as
C:\Perm\C5_*** rtf where *** are three random chaters.

Select whether to have the scroll lock on or dfért enter, as prompted, the number N of digits on
which the permutations will be based. Since Ntdigould allow § with N! elements to be
generated, the program allocates an array of dize fiéadiness.. For N = 7 or greater you are
asked to confirm that such a large array is indesmbssary and, if not, you can specify a suitably
smaller array. To generate C5 enter ‘5.

When prompted, enter the N symbols one at a tinth, ¥RTN> following each. For this example
enter the digitd, 2, 3, 4, 5. However the program will accept any strings.

The program has the option to calculate produciseaiutation cycles working in the order right-
to-left or left- to-right. You are asked to confiwith 'y’ that right-to-left is acceptable; typing’
will cause multiplication to proceed from left tigint.

You are now asked to enter how many seed permnogagiou will enter. For C5 we only need one,
so enter 1. When prompted, entes4s .

The program forms all products and inverses, amdspto screen the number of elements found so
far. Those prefixed by a _ character have beend@s the inverse of the previous character. It
then prints a summary list of group elements aed thverses as shown below. The elements are
numbered in the order they are found. You wilerdb elements by these numbers in interacting
with the program.

The summary table of all elements:reads:
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No. Element Inverse Inv No.

1 1 1
12345 15432
13524 14253
14253 13524
15432 12345

b~ wWNPEF
NWhrO

Order of group is 5. There are
1lelementsoforder1 : 1
4 elementsoforder5 : 2 3 4 5

Group is cyclic, generated by element 2 = 12345

You are then offered the option of calculating prcid of elements. Try it by typing 'y’. Type ‘2,
2,1 or '2<RTN>, 2 <RTN> 1 <RTN>". It repliefat the product is 13524 which is element
number 3. What this means is that element 2 @R8dncatenated with itself then with element 1
(identity) gives (14253) To close the product aidtor enter ‘-1 <RTN><RTN> <RTN> and
move to the next stage.

The program now finds all the elements which comnamwith a chosen element. Recall thahdg
commute wheiiig = gf. It takes each elemegin turn and determines its order, then tgsisth
all elements in the group in turn to see if thegnowute withg. The set of all elements which
commute withg is called the ‘centraliser’ aj.

You will see this same set of five centraliser edats appearing against every group element. This
is the nature of a cyclic group. At the end of lieeof centralisers the program identifies thatce

Z as the whole group. The centre Z of a groupésset (which is also a normal subgroup) which
commutes withevery element in G. For a cyclic group Z is the whaleup.

The next stage of the PermGroups works out theugagly classes. It takes each elenggii turn
and combines it with every other elemgstrecording for each combination the resulting edem
Elements which are conjugate to one another foamngugacy class. The program collates these
classes, first putting them in order of the elenvamich created them, and then in order of
increasing order of element. (Sorry about the nweanings of ‘order’ there!) Because in a cyclic
group each element commutes with every other, elrhent is conjugate only to itself. There are
therefore five conjugacy classes.

The program now calculates the commutator elen@® These are elements which can be
‘factored’ into the forngh~gh. For group C5 there is only one such elemene-déntity I. In

some groups the set of commutators is not necgsskrsed so the program calculates powers and
multiples of the elements to extend the set tdlastibgroup. It reports whether elements have been
added. This subgroup made from commutators istmamutator’ or ‘derived’ subgroup. For C5

it is the trivial group {I}. The program calcula¢he cosets of the derived subgroup.

The program now comes to a section headed ‘Steictfusubgroups and induced characters’. It
lists the subgroups found so far from the ceneeai®f the elements and the asks if you wish to
enter another subgroup from the keyboard. Sine®ttly subgroups of C5 are {I} and C5 itself,
there is little point, so type ‘n’. It then askyou wish to examine a subgroup. Enter ‘n’ again
Decline all further options. That concludes ousibdevel investigation of C5.

Advanced option:When you are asked whether you wish to includertbee advanced material on
group representations, reply ‘y’.

The goal of the analysis is to produce the growpatter table and identify most of its subgroups.
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When the cosets of the derived subgroup are prigtadare asked ‘do the first elements of the
cosets form a cyclic subgroup of order 5?’. Thigady do, so type ‘y’. It asks for the number of
an element which will generate this cyclic groupfype ‘2’. The program calculates the character
table of the cyclic group. It uses the notatao stand for exp(2 i/ 5), e* for exp(—2= i/ 5), €2

for er2 =¢?, etc.

In the case of C5 all the five characters are lifeae-dimensional). Here is the complete characte
table for C5. The five conjugacy classes arellethd1 to K5. Note that the conjugacy classes are
not in the same order as when this table is gezetfat the companion program WordGroups.

Group C5 (Z5)

Classlabel |K1 K2 K3 K4 K5
Elementidno. |1 2 3 4 5
Element | 1 12345 13524 14253 15432
Numberinclass [1 1 1 1 1
Orderofelement| 1 5 5 5 5

Order centraliser] 5 5 5 5 5

Trivialchar. |1 1 1 1 1
1 e e2 e2* e*

I
I
I
|1 e2 er e e2*
I
| 1 e2* e e* e2
I
I

1 e* e2*r e2 e
I

3.2 Abelian direct products, G,xC,

A ‘direct product’ group is one in which the elernteare the Cartesian products of the elements in
each constituent group. The permutation approaphriscularly suitable to direct products of
cyclic groups because these are generated byrdisjygiles. For instance for N = 4, the seed
permutations (12) and (34) will generate C2xC2 Mieegruppe. Whereas WordGroups, having
only two generators, is limited to products of teyelic groups, there is in principle no limitation
with PermGroups.

Where the component groups are cyclig, G,, etc. , the direct product is abelian. The oafe¢he
group is merely the product of the orders of itsggoup factors : |G| mn... . The constituent
groups all become normal subgroups of ordem, etc.. The group character table Auivanced
Option) has |G| conjugacy classes and |G| charactery. (Both WordGroups and PermGroups
will give explicit character tables of,8C,, composed of two disjoint cycles. Character tafdes
three or more cycles can be large, though thaicsire is essentially the simple nesting of one
character table within another.

3.3 A symmetric group S3 = a dihedral group D3
The symmetric group\Ss comprised of all permutations of N items and Naelements. S3 is
identical with D3 and has 3! = 6 elements. lthis smallest non-abelian group.

Generate the group by entering three symbols 3., Enter two seed permutations, (123) and (12).
The program generates a group of 6 elements winithedinto three conjugacy classes:

List of the 3 conjugacy classes sorted in ascending order of element:
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Class 1 has 1 elements of order 1: 1
Class 3 has 3 elementsoforder2: 3 5 6
Class 2 has 2 elements of order 3: 2 4
The three commutators is the commutator (derivadysoup are
1 2 4
1 123 132
The program lists the subgroups found from theraéisers of the elements. These are printed as

Subgroup No. 1 of 3 elements :
Subgroup No. 2 of 2 elements :
Subgroup No. 3 of 2 elements :
Subgroup No. 4 of 2 elements :
Subgroup No. 5 of 1 elements :

2 4 (=derived subgroup)
3
5
6

Y

If you select the option of evaluating the left aight cosets of the derived subgroup, you wilbfin
that, as sets, they are identical:

Left cosets of subgroup No. 1 are :
{124}

{365}

Right cosets of subgroup No. 1 are :
{124}

{356}

So the derived subgroup is normal.. This is alviays of the derived subgroup of any group
(though in a simple group (in the technical seitsg)nsists only of the identity.)

The above list of subgroups is complete. As amaese, sketch the lattice diagram to show how
these fit inside S3.

Advanced Option:Use PermGroups in the same way as WordGroups ¢ondigie the character
table of S3.

3.4 S4 and its subgroups A4 and D4

With PermGroups D4 can be generated using N =i#sdigth a pair of seed permutations (1234)
and (13), or else the pair (1234) and (12)(34)caRehat you enter the latter 4834 and 12'34
respectively. Once generated, follow the analysiRart 2, §2.5.

One way to generate A4 is with N = 4 digits, areltivo seed permutations (123) and (12)(34).
One way to generate S4 is with N = 4 digits, ardttio seed permutations (123) and (14).

Follow the corresponding analysis in Part 2. Ited®aining subgroups, note that there must be four
subgroups of type S3 within S4, each correspondirane of the digits 1, 2, 3 or 4 being constant.

Advanced option We will use this section to illustrate the impoxtarof the permutation
representation and permutation character, andgleaton of ‘restriction’ of a character from a
group G to its subgroup H.

Because each of these groups, S4, A4, D4, is gexdeogt combining permutations on 4 digits, each

element can be represented by'adder permutation matrix in which the entries iteer 0 or 1,
there being exactly one 1 in each row and in eatdmmn. For example, the matrix

45



represents the permutation (12) = (12)(3)(4) bez#usoperates by multiplication on the column
vector(a @ @& a)',itgivesthe columnvectorpaa a a) (' means transpose.).
The trace of this matrix is 2, so the charactenedbr the conjugacy class containing (12) in the
permutation character is 2. In general, the chara@lue is the number of digits which remain
fixed by the permutation; here it is 2, being digtand 4.

If you run PermGroups for the groups S4, A4 andybd will find the permutation characters noted
below.

S4: the character table has the form

Classlabel | K1 K3 K5 K2 K4
Elementidno. |1 3 14 2 5
Element | 1 14 12'34 123 1423
Numberinclass |1 6 3 8 6
Order ofelement| 1 2 2 3 4
Order centraliser|24 4 8 3 4

Trivialchar. |1 1 1 1 1

I
11 1 1 4

N

w

3
I

and, by inspection of the representative elemesdsling the conjugacy classes, the permutation
characteris(4 2 0 1 0). Takedbeproduct of this with itself, weighted by thember
of elements in each class to get 16 + 24 + 0 408-#48 = 2|G|, so there must be two irreducible
characters making up the permutation characteyoufsubtract the trivial character from

(42 0 1 O0O)youget(3 1 -D -1). The weighted dot product of thishwiself is
9+6+3+0+6=24,s0(3 1 -1 1) mustbe one of the irreducible characters.

A4: The framework of the character table is founddgo b

Classlabel |K1 K3 K2 K4
Elementidno. |1 3 2 4
Element | 1 12'34 123 132
Numberinclass | 1 3 4 4
Orderofelement| 1 2 3 3
Order centraliser| 12 4 3 3

Trivialchar. |1 1 1 1

I

|1 1 e e* e= exp(2 mi/3)
I

[1 1 e* e

I

| 3
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The permutation character is, by inspection on 83awthe header, (4 0 1 1). Its weightet do
product with itself is 16 + 0 + 4 + 4 = 24 = 2|&), there are two irreducible characters added to
make (4 0 1 1). Subtract the trivial chégato get (3 —1 0 0) which has the weiglgeld
dot product 9 + 3 = |G|, so the missing degreeaBaciter mustbe (3 -1 0 0).

D4: Create the group from the seed permutations (1284)13). The partial character table is:

Classlabel | K1 K3 K4 K5 K2
Elementidno. |1 3 4 5 2
Element | 1 13 1324 1423 1234
Numberinclass [1 2 1 2 2
Order ofelement| 1 2 2 2 4
Order centraliser] 8 4 8 4 4

Trivialchar. |1 1 1 1 1

1 -1 1 -1 1

11 1 -1 -1
1 -1 1 1 41
2

With PermGroups you can show that the charactercied from the normal subgroup C4 is

(2 0 -2 0 0). The permutation chanasteead from the header of the above table as
4 2 0 0 0)andits weighted self piaiduct is 16 + 8 = 3|G|, so it is comprised oé¢h
irreducible characters. Subtract the sum of Roasdl3from(4 2 0 0 0O )toget

(2 0 =2 0 0) and check that this is hasds#lproduct 4 + 0 + 4 = |G|. Again the permuatati
character has led easily to a non-linear irredeailaracter.

Now ‘restriction’. Because D4 is a subgroup of &4x4 permutation matrix representing an
elementg in D4 must also be a matrix in S4. This matrixsirhave the same trace. character
value, whether considered as an element of S4 DdofTherefore, iff is the character value for

the conjugacy class in S4 which containf must also be the character valugy@ind its

conjugates within the table for D4. We can therefderive a character of D4 from the table for S4
by picking out those conjugacy classes of S4 whimhear in D4.

Here is an example of restricting the characté@r (1 -1 0 -1) of S4to D4. From the
headers of the S4 and D4 tables:

Element of 54 | 1 14 12734 123 14273
Walue in 34 |3 1 11 o 11
Element in D4 | 1 13 13724 14723 1234

Now match the elements in D4 with those in S4 uslegstructure of the permutations as shown by
the arrows above. D4 does not have any ordenezits so the character value of (123) does not
transfer to D4. The restricted character of D@is1 -1 -1 —1). This is the sum of ronan8
5intheD4table: (1 1 1 -1 -1)+(2-R2 0 0)=(31-1-1 -1).

The equivalent operation from S4 to A4 is showrobehnd yields the character (3 =1 0 0), as
found above.
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Element of 54 | 1 14 12734 123 1423
Value in 54 | 3 1 /—1 ] -1
Element in a4 | 1 12'34 123 132

3.5 A non-abelian direct product S3 x C3.
Run PermGroups, specify N = 6 digitsto 6, and enter the two seed permutati®23456 and
12’3456 . A group of 18 elements is created. This musd babgroup of S6. The program finds

1 element oforderl : 1
6 elementsoforder6 : 2 10 11 12 1 3 14
3elementsoforder2 : 3 15 16

8 elementsoforder3 : 4 5 6 7 8 9 17 18

These fall into 9 conjugacy classes.

In this exercise we will first try to determine thebgroup structure. The list of subgroups found
automatically by the program is

Subgroup No. 2 of 9Qelements :1 456 7 8 9 17 18

Subgroup No. 3of6 elements :1 2 4 5 14 15

Subgroup No. 4 of 6 elements :1 3 4 5 10 11

Subgroup No. 5of 6 elements :1 4 5 12 13 16

Subgroup No. 6 of 3 elements :1 4 5 (= Group centre, Z)

Subgroup No. 7 of 3 elements : 1 17 18 ( = deriv ed/commutator subgroup)

Subgroup no. 2: Since there are no elements of order 9, this maughé direct product
C3xC3. Indeed it is easy to show, using the proagganultiply elements facility, that it is
the Cartesian product of the centre Z and the ddrsubgroupi,.e. element sets {1, 4, 5
>{1, 17, 18 }.

Subgroups 3, 4, and 5 : Similarly, you can show that each of the 6-elenseiigroups above
is a direct product C2xC3. Subgroup number 3asGartesian product of sets {1, 15}x{1,
4,51}, subgroup 4 is {1, 3}x{1, 4, 5}, and subagi5 is {1, 16}x{1, 4,5 }.

Subgroup no. 7: The derived subgroup is the permutationgisat3'246, 135'264).

The program does not find all subgroups automdyics we have to search for other possible
candidates. This can be done by trial and err@mnithe program asks "Do you wish to enter (from
the keyboard) another subgroup which you have ifiled®”. If you input any set of trial elements,
the program will check for inconsistencies and wara of missing elements.

As an example, let us try to find another subgnaitp six elements by augmenting the derived
subgroup. Since the derived subgroup has eleméntsler 3, we are looking to form its product
with an element of order 2. So try element nundheEnter order of subgroup is 6, then element
numbersl, 17, 18, 3, 3, 3. (The repeating af does not matter.) The program responds that
element 15 is missing, being numbers 17x3. Soemer1, 17, 18, 3, 15, 3. It responds

that element 16 is missing. If you now typeaz, 18, 3, 15, 16, the input is accepted as
forming a subgroup, new to the list. and addedug®up No. 8.

Clearly{1, 17, 18} is a subgroup of this new group. By examininggheducts of elements,
you can show that it is the symmetric group S3yoli select to examine its cosets, you will seé tha
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it is normal in G. This is consistent with the Wdgroup being S3xC3 ={ 1, 3, 15, 16, 17, 18 } x
{1,4,5}

| leave it as an exercise to the reader to draait@é diagram showing the nesting of these
subgroups.

Advanced option:The 6 cosets of the commutator (derived) subgroepisted as follows :

Coset 1is { (1) (153'246) (135'264) } = elemen tsNo.{1 17 18}
Coset 2 is { (123456) (163254) (143652) } =ele ments No. {2 11 12}
Coset 3 is { (12'34'56) (16'23'45) (14'25'36) } = e lements No. {3 16 15}
Coset 4 is { (135'246) (264) (153) } = element sNo.{4 9 7}
Coset 5 is { (153'264) (135) (246) } = element sNo.{5 6 8}
Coset 6 is { (145236) (125634) (165432) } =ele ments No. {10 13 14}

You have to decide what group these form, as sixpasite elements. Note that element 2 has
order 6. You can use the facility to calculatedorcts of elements to show that successive powers
of element 2 are respectively elements 2, 4, 15451 = identity. These appear in the cosets
numbered 2, 4, 3, 5, 6, 1 respectively. If youaseanother element of order 6 in coset 2, say
number 11, you can calculate its powers to be elsnEl, 4, 3, 5, 10, 1 which lie in coset numbers
2,4,3,5, 6, 1, exactly as for element 2. Weaarclude that the abelianisation factor groupés C
the cyclic group on six elements. Hence when thgrmam asks ‘do the cosets for a cyclic group of
order 67’ enter 'y’ ther2 for the element which generates the subgroup.

When the partially complete character table istpdnit has six completed linear characters, lifted
from the abelianisation factor group. There aredltharacters of degree 2 yet to find. To find a
character of order 2 we should induce on a subgobwpder |G|/2 = 9. Thus choose Subgroup No.
2, which is C3xC3 ={1, 4, 5}x(1, 17, 18} . Thesee nine characters in the table of C3xC3 which
one could choose. First choose the character ichwélement no. 4 has value 1 and no. 17 has
value c, where c is expfl3). Accordingly, when invited to enter the chaeac/alue for each
element, enter No. 1is1,4is1,5is 1, 6 i8is,c*, 8isc* 9isc, 17 is c and 18 is c*. €Th
induced character is reported as

(2 0 2 2 ctcr c+c* c+c* 0 0)
whichis(2 0 2 2-1-1-1 0 0) when the value for c is substituted. This is
a new irreducible character, as can be verifiedhmwing that its dot product with itself, weighted
by the number of elements in each conjugacy ciads§ = |G|. Note that the matrix representation
corresponding to this character cannot be faithédause the matrix for permutation (123456) is

[0 1]
[1 0] which has order 2, not 6.

When this character is entered into the charaatde t we have only two characters yet to find.
Suspecting that these are complex conjugates bfaher, | have entered the unknovarte w
shown on the next page. e = exp(26) = expfi/ 3). We now try to solve for these.

Recall that the permutation character has valuesdoh conjugacy class equal to the number of
digits left fixed by the permutations in that clag®r instance, element 6 = (135) moves 3 digits
and leaves 3 fixed, so has character value 3. rRefee header of the character table and the
permutation elements listed with the cosets offér@ved subgroup above. You can write down the
permutation characteras (6 0 0 0 3 3 0)0 The weighted dot product of this with itsislf

36 + 18 + 18 = 72 = 4|G]| so it is comprised of fiokgducible characters. | leave it to you to
confirm that this is the sum of rows 1, 3, 8 and 9.
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The dot product of columns 1 and 2 (K1 with K3)agp+p* = 0 sop = 0. The dot product of
columns 1 and 7 (K1 with K9) gives 6 — 2 w2(u*) = 0, sou + u* = -2. This suggests that
u =-1, a conjecture confirmed by taking the dodpict of column K9 with itself : 7 +@&* =9
which is the order of the centraliser.

The dot product of column 8 (class K2) with itsgilfes 6 + 0 + &/* = 6, since |e| = 1. We
conclude thav = 0. Similarlyw = 0.

Group S3 x C3 : partial table

Classlabel | KI K3 K4 K5 K6 K 7 K9 K2 K8
Elementidno. |1 3 4 5 6 7 17 2 10
Numberinclass [1 3 1 1 2 2 2 3 3
Order ofelement| 1 2 3 3 3 3 3 6 6
Order centraliser| 18 6 18 18 9 9 9 6 6
Trivialchar. |1 1 1 1 1 1 1 1 1

I

| 1 -1 e2 e2* e2* e 2 1 e et

I

|1 1 e2* e2 e2 e 2* 1 e2 e2*

I

[1 -1 1 1 1 1 1 -1 -1

I

|1 1 e2 e2* e2* e 2 1 e2* e2

I

| 1 -1 e2* e2 e2 e 2* 1 e* e

I

|2 0 2 2 -1 -1 - 1 0 O

I

|2 p g r s t u v w

I

| 2 p* q* r* S* t * u* V* W*

To find g, first take the dot product of columns 1 and 3,(K4). Since &+ &* = -1, q+g* = —2,
or 2Re[q] = —2. Next take the weighted dot prochiatolumn K4 with itself to get 6 + 4 +0g* =
18, orqq* = 4. Together these imply thgt= —1 +iV3 = 2€ or 2é*. We are free to choosp= 2¢.

From comparing columns 3 andr4nust equadj or g*. To decide which, dot the two columns
together and remember that we dot one column Wwelcomplex conjugate of the other :
2+2E+e™ +4+qgr* +qgtr=0. Sincet+ €™ = -1, gr* + (gr*)* = —4, which implies that
Re[gr*] = —2. Nowqg* is positive definite, so we conclude thi&at= . Indeedq2 = -2 + 2iN3.

To determines andt take the respective column dot products withentkelves, ii) with column 1
and iii) with each other. i) gives* = tt* = 1. ii) givess+s* =t +t* = 1. Together with i) these
give s = (1 #iV3))/2, t = (1 +iV3))/2 = e or e*. iii) givest* + ()* = —1 sos = t*.

Finally we have to decide whether e or e*. So take the (complex) dot productshefdolumns
containingg ands. On substituting Zefor q this gives &* + (€s*)* = 1. If s= e*, the left side of
this equation would be -2, wheresas e gives e + e* = 1.

From all the above, the last two characters irtdb&e are

Row8| 2 0 2e2 2e2* e e* -1 0 O
Row9| 2 0 2e2* 2e2 e* e -1 0 O
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Confirmation of these comes from inducing a chamaftbm the subgroup no. 3, the centre Z. If
you select to induce the character (1 ¢ c¢3,exp(2ui/3) = €2, in row 2 of the corresponding C3
character table, you get the character of G = S3xC3

6 0 6¢c 6 0 O O O 0.

This can be identified as the sum of rows ( twime 2 plus row 5 plus row 8 ) in the character
table. Similarly, if you induce from the subgroop. 3={1 2 4 5 14 15 }, and use the

character in the character in row 2 of the C6 tajm& obtain the following character of G:
3 -1 3e2 3e2* 0 0 O c c*

This is the sum of rows 2 and 8.

Note that the matrices representing elements Zanduced from this subgroup are

[e 0 0] [010]
[ ] [ ]

(123457)= [0 0 2] (12)(34)(56)= [1 0 0]
[ ] [ ]
[010] [0 0 -1]

These appear to give a faithful representation eirGe the order of the first matrix is 6 and @ th
second is 2, in agreement with the respective petioas. | leave it to you the reader to decide
whether this is the lowest dimension faithful reggmretation of S3xC3:

3.6 The Symmetric Group S5 and Alternating Group A

This section looks at larger groups not includeBamt 2 on WordGroups. A central aim of the
exercise is to examine the subgroups of A5 and dhodirect evaluation that it has no normal
subgroups. Hence it cannot be the direct produt@ constituent groups, nor even a semi-direct
product. It cannot be at the head of a composg@ries. Because of this it is termed ‘simple’.

The parent symmetric group S5 has 120 elementanlbe generated by specifying N = 5 didits,
to 5, and two seed permutatioh&345 and12. It is clear that no element can have order great
than 5, so no subgroup can be the direct producyaic groups of the form @ x Cn wherem and

n are coprime, since this would be isomorphic tanOmn > 5. The factors of 120 are 1, 2, 3, 4, 5,
6, 8, 10, 12, 15, 16, 20, 24, 30, 40 and 60, sotie possibilities for direct products of cyclic
groups are C2xC2, C2xC2xC2, C2xC2xC2xC2, C2xC4a4and C2xC2xC4. (Direct
products of non-cyclic groups might still be allavegrovided there were no element of order >5.)

A5 can be generated by specifying N = 5 diditgo 5, and two seed permutatioh®345 and

12’34 . A5 is the subgroup of S5 formed from an even Inemof transpositions, so any elements
of order 2 must be ‘double’, of the form (12)(3dingle transposition elements such as (12) do not
exist in A5.

A5 has 60 elements. The factors of 60 are 1, 2, B, 6, 10, 12, 15, 20 and 30, so the only
possibility for a direct product subgroup is C2xClhere are only two groups of order 6, C6 and
S3, so any subgroup of order 6 must be S3. Angrsuip of order 10 must be the dihedral D5,
which is equivalent to the semi-direct product[C62. Any subgroup of order 12 must be A4
since the other order-12 groups, C2xC6, D6 andlitylic Q6, all have elements of order 6. By
the same argument any subgroup of order 20 mustebsemi-direct product C5C4. There can
be no subgroups of order 15 or 30. In summaryptssibilities for A5’s subgroups are
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Cc2
C3

C4, C2xC2.
C5
S3

D5 =C50C2
Ad

C50C4.

The program lists the orders of all elements

1 elementoforderl : 1
24 elementsoforder5: 2 4 5 10 11 12
16 18 19 22 23 24 25 39 40 44
15 elementsof order2: 3 17 26 27 3
56 57 58 59 60
20 elementsoforder3: 6 7 8 9 20
33 34 37 38 41 42 46 47 51 52

There are no elements of order 4 so we can elimi@dtand C51C4 from the above list of
possible subgroups. PermGroups finds the follovsuggroups from the centralisers, centre Z and
derived subgroup. | have noted the type of eactihemight.

13 14 15
45 48 49 53 54
2 35 36 43 50 55

21 28 29 30 31

Subgroup No. 1of5elements :1 2 4 5 16 C5
Subgroup No. 2 of 5 elements :1 10 11 44 45 C5
Subgroup No. 3 of 5 elements :1 12 13 39 40 C5
Subgroup No. 4 of 5elements :1 14 15 24 25 C5
Subgroup No. 5of 5 elements :1 18 19 48 49 C5
Subgroup No. 6 of 5 elements : 1 22 23 53 54 C5
Subgroup No. 7 of 4 elements : 1 3 50 57 Cc2 xC2
Subgroup No. 8 of 4 elements :1 17 59 60 c2 xC2
Subgroup No. 9 of 4 elements :1 26 43 55 c2 xC2
Subgroup No. 10 of 4 elements : 1 27 36 58 c2 xC2
Subgroup No. 11 of 4 elements : 1 32 35 56 Cc2 xC2
Subgroup No. 12 of 3elements :1 6 7 C3

Subgroup No. 13 of 3elements :1 8 9 C3

Subgroup No. 14 of 3 elements : 1 20 21 C3

Subgroup No. 15 of 3 elements : 1 28 29 C3

Subgroup No. 16 of 3 elements :1 30 31 C3

Subgroup No. 17 of 3 elements : 1 33 34 C3

Subgroup No. 18 of 3 elements : 1 37 38 C3

Subgroup No. 19 of 3 elements : 1 41 42 C3

Subgroup No. 20 of 3 elements : 1 46 47 C3

Subgroup No. 21 of 3 elements : 1 51 52 C3

Subgroup No. 22 of 1 elements : 1 = centre, Z |

Subgroup No.

23 of 60 elements.

: whole group = der

ived subgroup

One striking feature of S5 and A5 is that they hanly five conjugacy classes for so many
elements. Another feature of A5 is that the derifGanmutator) subgroup is the whole group! No
other group examined in this document has thisgntgp Recall that the commutator elements are
as far from being commutative as is possible, arddct that no element other than the identity
commutes with any other is also shown by Z beinggdr(subgroup number 22).

PermGroups has not detected any subgroup A4, [33 &0 we must look for these ourselves. It
will be clear that A4 will be formed when one oétfive digits1,2,3,4 or 5 is held constant.
Thus we can expect five A4 subgroups. By selegtiemgnutations which do not contain digit 1, 2,
3, 4 or 5 respectively, we can enter from the kaybdive A4 subgroups with these elements:
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Digit 1 fixed: 1 8 9 17 30 31 33 34 41 42 59 60
Digit 2 fixed: 1 6 7 28 29 32 35 41 42 51 52 56
Digit 3 fixed: 1 8 9 20 21 27 36 37 38 51 52 58
Digit 4 fixed: 1 6 7 26 33 34 37 38 43 46 47 55
Digit 5 fixed: 1 320 21 28 29 30 31 46 47 50 57 .

A similar argument leads to the view that there besten S3 subgroups, corresponding to'@e
combinations of the digits 1 to 5. Here are thokthem:

From digits 1,2,3:1 17 36 46 47 56
From digits 1,4,5:1 17 26 51 52 57
From digits 2,3,4:1 26 30 31 35 58 .

The D5 subgroups must involve powers of an elerokatder 5 and an element of order 2. For
instance, powers of element 2 are elements {1, 2, 46}; try combinations of this set with the
elements of order 2. Since there are 24 elemémder 5, and four appear in each D5, we might
expect 24/4 = 6 D5 subgroups. | list these bekowd have separated the order 5 elements (first set)
from the order 2 ones (second set).

SubgroupD5a: 1 {2 4 5 16} (55 56 57 58 59}
Subgroup D5b: 1 {10 11 44 45} {17 27 35 50 55}
Subgroup D5c: 1 {12 13 39 40} (26 32 36 50 59}
Subgroup D5d : 1 {18 19 48 49} {3 26 2 7 56 60}
Subgroup D5e : 1 {22 23 53 54} {3 17 32 43 58}
Subgroup D5f: 1 {14 15 24 25} {35 36 43 57 60}.

Note that each order 2 element appears in two D§rsups.

Thought it is rather tedious, you can enter alséhsubgroups from the keyboard and use
PermGroups to find their cosets. You will findttiaevery case the right cosets differ set-wise
from the left ones, demonstrating that A5 has nonad subgroups. Algebraic proof of this fact for
A5 and all higher alternating groups in given ixtb®oks.

Advanced option: The program prints the framework of the characibletas .

Group A5

Classlabel |K1 K3 K5 K2 K4
Elementidno. |1 3 6 2 4
Element | 1 12'34 135 12345 13524
Numberinclass | 1 15 20 12 12
Orderofelement| 1 2 3 5 5
Order centraliser|60 4 3 5 5

Trivialchar. |1 1 1 1 1

I
| 3

3

N

5
|

From the header, the permutation character islseselentobe (5 1 2 0 0). This must be
faithful, but is not necessarily irreducible. bct the weighted dot product of this with itself is
25+ 15 + 80 = 120 = 2|G|, so we look for two itreithle characters within it. Subtract the trivial
charactertoget (4 0 1 -1 -1)and nuaeits weighted self dot product is 16 + 20 + 122+
= |G|, so this must be the irreducible charactelimension 4.
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To find the other characters we have to induce fsabmgroups. Choose the A4 subgroup with digit
5 held constant; this has elements { 1, 3, 2028129, 30, 31, 46, 47, 50, 57}. These have to be
matched to conjugacy classes in A4 so that eachegiecan be given the correct character value.
If you induce from the trivial character of an Adbgroup, you just get the permutation character
again. Let's choose to induce from row 3 of theohracter table. Here is the relevant extract
from the A4 table:

Element | 1 12'34 123 132
Orderofelement| 1 2 3 3

I
[1 1 t* t t= exp(2 mni/3)

The order-1 and -2 elements in the A4 subgroup imeigllocated value 1. These are elements
{1, 3, 50, 57). The order-3 elements are all i oanjugacy class in A5, but split into two classes
in A4, one being the inverse of the other. Youdeeidentify the elements in these two classes in
A4 and find which elements these permutations spord to in A5. Thus element (123) is in the
same class as (134), (243) and (142) and so thaga character value t*. Enter the appropriate
character values into PermGroups; it finds magjpresentations for the two seeded permutations:

0000 1] [LOO O 0]
{1000101 {OOt*O]O]
(12345[):[0 1]o 0 0] (12)(34[1): 0t0 0 Q]
%001301 %OOOO]t]
%0001101 {OOOI*]O]

where t = exp(&i/3). The corresponding induced character is

5 1 t+t 0 O

which evaluates to
5 1 -1 0 0

Using matrix multiplication you can show that thepresentation is faithful. Also the weighted dot
product of this character with (4 0 1 -1 )4420- 20 = 0, so we gain confidence that réws
and 5 of the character table are correct.

It is tempting to suspect that the two charactémder 3 are complex conjugates, or share some
similar symmetry, but for the time being let ustesa this and treat the eight undetermined
character elements are independent. The chatabterlooks as follows:

Group A5 : partial table

Classlabel |K1 K3 K5 K2 K4
Elementidno. |1 3 6 2 4
Element | 1 12'34 135 12345 13524
Numberinclass | 1 15 20 12 12
Order ofelement| 1 2 3 5 5
Order centraliser]60 4 3 5 5

Trivialchar. |1 1 1 1 1
3 p g r s
3 t u v w
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Take the weighted complex dot product of rows 1 2naind rows 4 and 2:
3+1p+20q+ 12 +1X=0
12+ @+200 —12-13=0 so
15+ 1% + 4(0q =0.

Compare this with the dot product of rows 5 and 2
15 + l"‘._p - 2&] =0
and we have that= 0,p =—1. By the same argumant O,t = —1.

We find confirmation of these values from the daiduct of column 2 with itself, which should
equal the order of the centraliser for class K3e fildd 1 +pp* + tt* + 1 = 4 orpp* + tt* = 1,
consistent witlp =t = —1. Also take the dot product of columns 1 and obtainp +t = —-2. With
g =u = 0 the dot products of columns 1, 2, 3 with thelwss and with each other are consistent.
The degree 3 characters now look like

The determination of the remaining values is mira@lenging, considering that they are probably
complex numbers. By taking the weighted dot potslof rows 1 with 2, and 1 with 3 we find

r+s=1, v+w=1
Dot products of columns 1 with 4, 1 with 5 give
r+v=1, sw=1.

The simultaneous solution of these four equatiens=iw, s=v = 1-r. The character table now
looks as follows:

Group A5

Classlabel |K1 K3 K5 K2 K4
Elementidno. |1 3 6 2 4
Element | 1 12'34 135 12345 13524
Numberinclass | 1 15 20 12 12
Orderofelement| 1 2 3 5 5
Order centraliser]60 4 3 5 5

w
=
o
—
=
X

S w
| 1

o =

[ o

RS

L

[y -

(&)
=
1
=
o
o

This satisfies all the orthogonality criteria. Agurther check, recall that the number of times an
irreducible character contributes to the regularabter is given by its value in the first colunin o
the table. We can check the table against thdaegharacter as follows
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1 1 1 1 1

9 -3 0 3r  3-3r

9 -3 0 3-3r 3r
16 0 4 -4 4
25 5 -5 0 0
60 0 O O O

So far, so good, but we do not yet know whethierreal or complex. Take the dot product of one
of the above degree-3 characters with itself taiobt

9+ 15 +12r* + 12(1-r)(1 —r*) = |G|,
giving 2r* —r —r* =2,

a) If risrealr®—r —1 =0, with solutions = (1 +V5)/2 , so ifr = (1 +\5)/2 , 1 -+ =
(1 —\5)/2, the algebraic conjugate. We see a symmeinyden the two degree-3
characters.

b) If ris complexy = o +ip, we haves® —a + p? = 1. Moreover, by a general theorem of
characters, if is complex, the two degree-3 characters must bgplax conjugates of each
other. Sax—ip = 1 —a —iB, implying thata = %. and3*= 5/4. So it seems thatould be
(1 +iV5)/2 and 1 + =r*, another symmetrical situation.

So which of these possibilities is correct?

It seems necessary to induce some further chasdcten subgroups. Using PermGroups to induce
from the C2xC2, C3 and C5 centraliser subgroufiedithese reducible characters:

a1l -1 0 0 O 4|G|
b)20 0 -1 0 o0 7G|
C) 12 0 0 c+c* ¢ 2+c2*  where ¢ = exp(@@/5) 3|G]|
di12 0 0 ¢ 24c2*x cr+C 3|G|

| have noted to the right the weighted dot proddaach character with itself, showing the number
of irreducible characters of which it is the sua).is the sum of character rows 2 to 5. b) isla$ p
row 5 (though this is only 5 characters, not 7 fhpps the reader can explain this? )

In ¢) and d) note that c+c* =@18... = (-1 +/5)/2 and &c* = —1618... = —(1 +/5)/2.
c) could be the sum of rows 2, 4and 5=(12 @ r-1 < ). Thisis consistent with
r=(1+v5)/2,1—+ = (1-V5)/2 but not withr — 1 and being complex.. We may conclude that
option a) above is correct, thais real and

r=(1+V5)/2, 1-= (1-—5)2

This completes the A5 character table.

Here’s a challenge question : is A5 the smallestigiwith only one linear character? If so, why?

John M Coffey
Cheshire, UK
January 2009, with additions January 2017.
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APPENDIX
Table of orders and one relation <ba = ‘word’> whi generate finite groups using WordGroups

This is a table of pairs of generatarandb (with orders given in the first and second columespectively)

whichmay form a finite group when used with relatiba = word (in third column). Note that semi-direct
products of cyclic groups Cm =<a> and Cn = <b>farmed according to a relation ba = a"k .b whesa&
m are coprime. Many of the groups indicated bedogvtherefore semi-direct products.

2 2 ab 3 2 ab 4 5 ab
3 2 a™2.b. 4 5 abr2.
2 3 ab 4 5 ab"3.
2 3 abr. 3 3 ab 4 5 abM.
2 4 ab 3 4 ab 4 6 ab
2 4 ab”s. 3 4 a™2.b. 4 6 ab”s.
4 6 a"3.h.
2 5 ab 3 5 ab
2 5 abM. 4 7 ab
3 6 ab 4 7 ab”e.
2 6 ab 3 6 a“2.bh.
2 6 a.b”s. 4 8 ab
3 7 ab 4 8 a.b"3.
2 7 ab 3 7 abr2. 4 8 a.b”b.
2 7 ab”e. 3 7 abnM. 4 8 ab".
2 8 ab 3 8 ab 4 9 ab
2 8 a.b”s. 3 8 a™2.bh. 4 9 ab”s.
2 8 a.b”s.
2 8 a.b". 3 9 ab 4 10 ab
3 9 abM. 4 10 a.b"3.
2 9 ab 3 9 ab"7. 4 10 a.b"7.
2 9 a.b”s. 4 10 a.b™.
3 10 ab
2 10 ab 3 10 a2.h. 4 11 ab
2 10 a.bo. 4 11 a.b™MoO.
3 11 ab
2 11 ab 4 12 ab
2 11 a.b71o0. 3 12 ab 4 12 a.b”"b.
4 12 a.b".
2 12 ab 3 13 ab 4 12 a.bM1l.
2 12 a.b”s. 3 13 a.b”"3.
2 12 a.b"7. 3 13 a.bMo. 4 13 ab
2 12 a.bn1l. 4 13 a.b"b.
3 14 ab 4 13 a.b"s.
2 13 ab 3 14 a.bMo. 4 13 a.bM2.
2 13 a.bnr2. 3 14 a.bM1l.
4 14 ab
2 14 ab 3 15 ab 4 14 a.bMa3.
2 14 a.b”13.
3 16 ab 4 15 ab
2 15 ab 4 15 a.b™2.
2 15 a.bM. 4 15 a.b™M.
2 15 a.bn1. 4 2 ab 4 15 a.b"7.
2 15 a.b7M4. 4 2 a™3.b. 4 15 a.b”"8.
4 15 a.bM1.
2 16 ab 4 3 ab 4 15 a.b™M3.
2 16 a.b"7. 4 3 ab’2. 4 15 a.b™Ma4.
2 16 a.bo.
2 16 a.b75. 4 4 ab 4 16 ab
4 4 a.b3. 4 16 a.b"3.
4 4 a™3.b. 4 16 a.b”"b.
4 16 a.b"7.
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