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1 Introduction

This article gives a brief, informal account of some aspects of iterative numerical methods for finding
the real eigenvalues and eigenvectors of square matrices with real elements. There is a large, well
documented literature on this subject and many computer algorithms and sophisticated programs to
implement them. The whole subject is interesting because of the innovative methods that have been
devised to persuade matrices to reveal their eigen pairs (values and vectors). This article touches on
only a few aspects which I have looked at for personal interest, my aim being to remind myself of
the properties of matrices and thence to gain some understanding of the numerical techniques which
have been developed.

I came to this subject through the modelling of vibrating structures using finite element
methods. In these the structure is represented by elastic elements defined over a mesh of nodes, and
the mass and stiffness are represented by symmetric matrices M and K respectively. In a previous
article on www.mathstudio.co.uk entitled ‘Periodic Forced Vibrations, Normal Modes and Damping,
with Measurements on a 'Cello’ I explain how the equations of motion can be written in the form

K x = —w’Mx or M 'Kx = w’x. (1)

This is a linear eigenvalue problem with the standard form Ep = Ap where the natural frequencies
of vibration are given by the square roots of the eigenvalues A = w?. The corresponding eigenvectors
p give the relative amplitudes of motion at the mesh nodes. When these calculations are carried out
by finite element programs, the eigenvalue/eigenvector pairs are determined to chosen precision by
iterative numerical methods. This contrasts with the approach in analytical mathematics where the
steps are as follows:

1. Let the n x n square matrix be E and let I be the unit matrix of the same dimension. Form
E - A\I where A is a scalar to be determined.

2. Evaluate the determinant of E — AI. This will be a polynomial in A of degree n. Solve for the
n zeros, which may be real and distinct, real with multiplicity or in complex conjugate pairs.
These are the eigenvalues A1, Ag, ... Ap.



3. To find the corresponding eigenvectors, substitute A; into E — A = 0. The result will be
a singular matrix which represents the coefficients of a set of simultaneous equations in the
components of the eigenvector p;. Take one of these components to have a given value (usually
1) and solve for the other n — 1 components. This can be done by inverting the n—1 by n—1
matrix obtained by deleting the row and column indexed by the chosen component.

This procedure is of wide applicability and would in principle give the exact eigenvalues and
eigenvectors provided arbitrary precision arithmetic were used. It applies equally to real matrices
with real eigenvalues, ones with some complex conjugate eigenvalue pairs, and to matrices with
complex elements. However, in practice it is only applicable to relatively small matrices — say up to
10x10. The effort in evaluating the determinant, solving numerically for all n roots, and then solving
the set of n — 1 simultaneous equations is prohibitive for large matrices and rounding errors become
troublesome. Bear in mind that some matrices in finite element calculations may have thousands
of elements, making computer storage an issue even today. To avoid the obstacles to computation
in the direct approach, several iterative numerical schemes have been developed over many years.
There are three main computational challenges:

e to find all the eigenvalues and eigenvectors, or at least all of interest. In vibration problems
often the eigenvalues with smallest magnitude are most important because they correspond to
the lowest frequencies,

e for any identified eigenvalue, to converge rapidly and accurately,

e for any identified eigenvector, to converge rapidly and accurately. Some methods converge on
both an eigenvector its eigenvalue simultaneously.

I deal entirely with real square matrices, and most examples will have only real eigenvalues.
I describe some of the basic methods, commenting on convergence rates and applicability, but there
is no deep analysis of stability or the computational effort required. Though these matter are central
to numerical analysis, the reader must look to the literature for such details. Four books which give
thorough accounts of this large subject are

e ‘The Algebraic Eigenvalue Problem’ by J. H. Wilkinson, Oxford Univ, Press, 1965

e ‘Matrix Computations’ by Gene H. Golub and Charles F. Van Loan, Third Edn. 1996, John
Hopkins Univ Press. Available electronically on the internet.

e ‘The Matrix Eigenvalue Problem: GR and Krylov Subspace Methods’ by David S. Watkins,
pub. SIAM, 2007

e ‘Fundamentals of Matrix Computations’ by David S. Watkins, Third Edn. 2010. Pub. John
Wiley.

There are also many original papers and lecture notes on the internet, including the review of the
QR algorithm 50 years on by Gene Golub and Frank Uhlig!.

In this article the scene is set in §2 by listing some useful properties of matrices and their
eigenvalues and eigenvectors and giving numerical illustrations in §3. The similarity transformation
is perhaps the most important concept because it changes the matrix to a more tractable form
without changing its eigenvalues. The next two sections are all related to the Power Method by
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which the dominant eigenvalue (the one with largest absolute value) and its eigenvector are found
simultaneously. §4 describes the basic, direct power method with an example. Shifting the diagonal
of the matrix by subtracting a constant can lead to faster convergence since the rate depends on
the ratio of eigenvalues. §5 explains how fast convergence can be obtained with the inverse power
method, and how the direct power and inverse power methods can be use together to find one eigen
pair at a time. The inverse method in principle involves the inverse of the given matrix, but the
problems in actually finding the inverse are in practice circumvented by the equivalent process of
solving a system of simultaneous equations, and this in turn is made straightforward by factorising
the given matrix into a product LU of a lower (L) and an upper (U) triangular matrix.

After the dominant and possibly one or two other eigen pairs have been found, ‘matrix
deflation” may be used to allow more to be found. Deflation means finding a smaller matrix which
has the same eigenvalues and vectors as the given matrix expect for one or two known eigen pairs
which have been removed. It is a way of chopping off the eigen pairs which have already been
determined from the matrix, allowing further calculation of the dominant eigenpairs in the reduced
matrix which has smaller eigenvalues. Some deflation and matrix order reduction algorithms are
described in §6.

§7 deals with an algorithm first described by Carl Jacobi in 1841. Though this is effective only
for symmetric matrices, it has the attractive property of converging on all eigenvalues simultaneously,
in contrast with the power method. It is probably the earliest method with this property. Jacobi’s
method works through a sequence of nested similarity transformations at each of which one pair of
the elements in the lower left and upper right of the matrix is mapped to 0 by, in effect, a rotation
of axes. In this way the matrix is gradually transformed to a diagonal matrix where the eigenvalues
can be read down the diagonal.

§8 returns to the idea of factorising a matrix into a product of two with special properties.
Historically, the LU decomposition described in §5 was extended by Heinz Rutishauser in the late
1950s into an iterative algorithm called LR. This had serious stability problems for some types of
matrix, but the idea was sound and was part of the inspiration of John Francis in Britain and
Vera Kublanovskaya in Russia to develop the more stable QR method in about 1960. The basic
or ‘explicit’ QR method is described with examples in §8. At each stage of iteration the starting
matrix A is factored into the product QR where Q is an orthogonal matrix, found by the Gram-
Schmidt procedure, and R is upper triangular, the so-called Schur equivalent form of A. These
factors are then multiplied in reverse order RQ which happens to have smaller elements below the
main diagonal. After several iterations RQ is itself almost triangular, at which stage the all the
eigenvalues can be read down the diagonal.

John Francis published two seminal papers in 1960 and 1961 respectively. In the second he
developed modifications of the QR method which were so profound that they constitute a distinct
and powerful algorithm which has since been known as the ‘implicitly shifted QR algorithm’. In
recent years David Watkins of Washington State University, who has written extensively on the
subject, has urged that it be renamed ‘Francis’s algorithm’, pointing out that it is better understood
in its own right rather than as a version of the basic QR algorithm. Francis’ algorithm requires first
that the given matrix be put into so-called Hessenberg form in which all elements below the sub-
diagonal (lower off-diagonal) are zero. Methods for transforming to Hessenberg form using matrices
equivalent to reflections are described in §9. Francis’ single and double shift algorithms are outlined
in §10.



Paradoxically, though my interest was stimulated by eigenvalue solutions of finite element
models, I do not say much in this article about the numerical methods most suited to the large,
sparse matrices which typically arise with finite elements. Very large matrices are best not stored
in a computer as n x n arrays in which almost all elements are zero, but rather as a list of the
non-zero elements together with their two positional indices. Several of the more powerful numerical
methods for general, dense matrices, such as the QR family of algorithms, involve matrix-by-matrix
multiplication and in this a matrix which starts as sparse generally becomes densely filled-in within
one or two iterations. If the computer storage cannot cope with these large, dense product matrices,
the method cannot be applied. For this reason the powerful ‘implicitly single and double shifted QR’
methods due to John Francis are not suitable for very large matrices. Instead, an algorithm must
be used which avoids matrix-by-matrix multiplication, and has nothing more dense than matrix-
by-vector multiplication. The most popular is called the ‘implicitly restarted Arnoldi’ algorithm. I
mention it fleetingly, along with Krylov subspaces, in §8.4.

Appendix 1, §11, is an analysis of the sum of two or more geometric series, a feature of the
Power Method. I show how the coefficients of each series can be determined by iterative solution of
a set of simultaneous non-linear equations, and the results used to give an accurate estimation of the
eigenvalue and eigenvector. Appendix 2, §12, is an example of the range of Power Methods being
applied to solve a straightforward 5 x 5 real matrix. Appendix 3, §13 tackles a problem matrix which
has some eigenvalues close together. Such matrices can defeat the Power Method but the QR-~Schur
decomposition solves it, and Francis’ single shift algorithm makes light work of it.

2 Some properties of eigenvalues and eigenvectors

This section lists some facts in no particular order and §3 gives numerical examples. The n xn square
matrix E is assumed to have real elements, but is otherwise arbitrary unless stated. Some of these
properties will also apply to complex elements, but they are not of interest to my type of vibration
modelling, so I ignore them. The eigenvalues are A; and eigenvectors are p;, j =1,n. Vv is a general
n-vector.

1. Eigenvalues and eigenvectors arise as solutions of the equation Ep = Ap for all square matrices,
invertible and non-invertible. Symmetric matrices have E = ET, where 7 denotes transpose.
A symmetric matrix with real coefficients always has real eigenvalues and its eigenvectors are
mutually orthogonal. A ‘positive definite’ matrix is a symmetric matrix such that for every
vector v, v Ev > 0; all its eigenvalues are real and positive. The form v? Ev appears in the
physics of vibration as %VTMV for the kinetic energy and %VTKV for potential strain energy.
M and K must be positive definite as energy cannot be negative.

2. The eigenvectors p; are only determined up to the ratio of their components. They are usually
normalised by multiplying by a scale factor chosen to give one component the value 1, or to
make the modulus 1 so that each p; is a unit vector.

3. The trace of a square matrix (the algebraic sum of its diagonal elements) equals the algebraic
sum of the eigenvalues. Hence in an n x n matrix if n — 1 eigenvalues have been found, the last
is given by subtracting from the trace.

4. Given an eigenvector p, the corresponding eigenvalue is readily found in one of two ways. i)
Normalise the vector so that one component is 1 then multiply by E; that component will be
replaced by the eigenvalue. ii) Since Ep = Ap, p’ Ep = Ap’p. The dot product p’p = |p|?
so A = plEp/|p|>. This quantity is called the Rayleigh quotient after Lord Rayleigh who



introduced it in volume 1 of his book ‘The Theory of Sound’, his §90, page 113 et seq.. The
Rayleigh quotient of a matrix achieves its least value when X is the smallest absolute eigenvalue,
corresponding for a vibrating system with the lowest frequency.

. The eigenvectors are linearly independent, though not orthogonal unless the matrix is sym-
metric. Two or more eigenvectors can share the same eigenvalue; the eigenvalue is then said
to be degenerate. For a non-degenerate matrix the eigenvectors form a complete basis set of
dimension n, meaning that they span the space of n dimensions. Then any other vector v in
n dimensions can be written as a linear combination

V = ¢1p1 + P2+ ....CpPn- (2)

. An important consequence of item 5 is that powers of E applied to an arbitrary vector v
converge to the eigenvector with the largest absolute eigenvalue. To see this, suppose that with
some relabelling A1 > Ao > ... > A\,,. Apply E repeatedly to Eq 2.
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This is the basis of the Power Method for finding the eigenvalue of largest absolute value
and simultaneously the corresponding eigenvector. The method is described in §3. Clearly
convergence depends on both the choice of initial vector (through ca/c;) and on the ratio of
absolute eigenvalues |\a|/|\1].

. If elementary row operations of replacing a row by itself plus a multiple of another row are
used to convert a matrix to triangular form, the signs of the diagonal elements (called the
‘pivots’) give the signs of the eigenvalues, though not their values. The product of all the
pivots happens to be the determinant of the original matrix. However, the elementary row
and column operations in general change the trace, the characteristic equation and hence the
eigenvalues and eigenvectors.

. If a constant ( is subtracted from all the diagonal elements of E, the eigenvalues of E - 1 are
Aj — B, 1<j<n. This is called ‘shifting’. The proof is quite simple; (E - SI)p = Ap - fIp =
(A = B)p. Shifting by a carefully chosen constant can be used to enhance the convergence of
the Power Method by changing the ratio Aa/A1.

. The eigenvalues of the transpose ET are the same as those of E, but the eigenvectors are
different unless the matrix is symmetric. To prove this suppose that

Ep = )\p and Elq = nq .
Using the order-reversing property of transposes,
q'E = uq" so q'Ep = uq'p.

But q”Ep is also obtained by multiplying Ep = Ap on the left by q”, and it gives q” Ap. This
equals uq’ p only if 1= \.

The relation q”E = \q” explains why q” is referred to as the ‘left eigenvector’ of E. p would
then be called the right eigenvector.
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The eigenvectors of the inverse of a matrix E™! are the same as the eigenvectors of E and its
eigenvalues are the reciprocals 1/);. The proof is: E_lEpj = E_l)\j pj SO p; = )\jE_l pj or
E! p; = 1/Xj p;. There is a close relation between the eigenvectors of the inverse E~! and the
eigenvectors of the transpose ET, described and used in §?? on ‘matrix deflation’ which is the
name given to eliminating a selected eigenvalue-vector pair from a matrix.

Suppose we have three nxn matrices, E, F and G, where G is invertible. If they are related by
E = G'F G, then E and F are said to be ‘similar’ and linked by the similarity transformation
(also called conjugate transformation) of pre-and post-multiplication by G. E and F have the
same determinant, characteristic equation, trace, and the same eigenvalues, though different
eigenvectors. To see this, observe that if Ep = Ap, then FGp = A Gp. So F also has eigenvalue
A, but eigenvector Gp. Similar matrices represent the same linear transformation of a space
from different sets of basis vectors.

A special case of the previous item is that a square matrix can be diagonalised — that is,
represented by a diagonal matrix with the same eigenvalues and eigenvectors. The operation
is effected by the matrix P whose columns are the column eigenvectors p;, i < j <n. Thus

D - P'EP (4)

is diagonal, and its elements are its eigenvalues which are also the eigenvalues of E. The
eigenvectors are the orthogonal set (1,0,0,...0), (0,1,0,...0), .... ., (0,0,0,....1). We have here
a method for producing an infinite family of matrices with the same prescribed eigenvalues:
start with a diagonal matrix built of the given eigenvalues and transform it with any chosen
invertible matrix in a similarity transformation.

A triangular matrix (one with Os below or above the main diagonal) also has its eigenvalues
arrayed down the diagonal. Only the diagonal elements contribute to the characteristic polyno-
mial. If the eigenvalues are all real, the characteristic polynomial is a product of linear factors
(M —di1)(A2 —da2) ... (AN —dnn) where dj; are the diagonal elements.

Several mathematicians have proved bounds on eigenvalues in terms of the value of the matrix
elements. A simple test by Alfred Brauer, 1946, is based on the absolute values of the elements.
Let a;; be the elements, R; = ¥ ;|a;;| be the sum of absolute values along the it" row and
Cj = ¥;laij| the sum down the 4 column. Let R be the largest R; and C the largest C;. Then
for all eigenvalues |\ < min(R, C).

Other bounds were derived by Gershgorin (1931) by analogy with the diagonalised matrix D
in item 11. He judged that if the off-diagonal elements are relatively small compared with the
diagonal ones, the eigenvalues cannot be too far away from the values down the diagonal. This
is quantified in Gershgorin’s two Circle Theorems. Let the n x n matrix have elements a;;, and
along each row ¢ add up the absolute values |a;;|, i # j of the off-diagonal elements. Call this
sum 7;. Next, in the complex plane mark a point on the real axis at the point corresponding
to the diagonal element a;;. Using this as centre, draw a circle with radius r;. Repeat this
for all rows to give n such circles. These will overlap if some diagonal elements are close to
each other. Theorem I states that every eigenvalue lies within at least one of these circles.
Theorem II states that if n; circles overlap each other and another no overlap each other but
are disjoint from the first set, then exactly n; eigenvalues lie in the first set and ne in the
second. The circles allow for the possibility of the eigenvalues being complex, though I shall
not be concerned with such matrices. The theorem also holds if the sums of absolute values
are taken down the columns instead of across the rows.



16. A third set of bounds on eigenvalues has been given by Wolkowicz and Styan (‘Bounds on
eigenvalues using traces’ in Linear Algebra and its Applications, Vol 29, p 471-506, 1980).
Suppose the n real eigenvalues of an n x n matrix are ordered Ay > Ay > ... g > .... 2 \,,. By
analogy with statistics, Wolkowicz and Styan define a mean m and standard deviation s for
the trace of a matrix by

2
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17. There is a special class of matrix which arises is vibration analysis; a non-symmetric matrix
made by the product of two symmetric matrices. The eigenvectors of these have orthogonality
properties which are crucial for vibration modal analysis?. This is seen in Eq 1 where M, M~}
and K are symmetric. If the eigenvectors of E = MK are p;, the orthogonality condition is

p,Mp; = 0 ifi#j. (6)

If 7 = j, the product is non-zero and used to scale and normalise the components of the
eigenvectors to make P; Mp] =1, an operation called ‘mass normalisation’.

18. A matrix problem is said to be ‘ill-conditioned’ if numerical attempts to determine its solutions,
such as finding the eigenvalues and eigenvectors, are over-sensitive to the precision of or errors
in the input numbers. The ‘condition number’ > 1 is defined as the ratio of error in output
to error in the input and is given numerically as the product of the direct and inverse norms,
|EY| . ||E|. Here || ... | denotes the Euclidean norm (also called the spectral or Ly norm)
which is the square root of the sum of the squares of all the matrix elements. A large condition
number indicates troublesome sensitivity to input. Ill-conditioned matrices can arise in finite-
element models where a few matrix elements are orders of magnitude different from the rest.
In practice finding E~! is a challenge so the condition number may have to be estimated from
intermediate numbers produced during a calculation.

19. The Cayley-Hamilton theorem: Each matrix satisfies its own characteristic equation. So if
the matrix is E and its characteristic equation is anA™ + ap_1 A" + ..... + a1 A+ ag = 0, then
anE" +a, 1 E" 4 + a1 E + agl = 0, the zero matrix. This provides a method for calculating
higher powers of E, since E" = —(a,_1E" ' +..... + a;E + aoI)/a,,. Moreover, the inverse can be
found as a polynomial in E since anE" +a, E"? 4+ +a1I=—aqoE L.

2 Proof of orthogonality is given in §2 of my article on modal vibration analysis on www.mathstudio.co.uk, entitled
‘Periodic Forced Vibrations, Normal Modes and Damping, with Measurements on a 'Cello’.



20. The eigenvalues and eigenvectors of a positive definite matrix have a geometrical representation
in terms of a ‘representation ellipsoid’. This is most readily envisaged with a diagonalised
3-dimensional matrix, D. (Recall that all eigenvalues are real and positive and lie on the
diagonal.) Consider the product vIDv with v = (z,y,z). This is the dot or inner product of
the vectors v and Dv and evaluates to Az + \ay? + A322. The locus of points which satisfy
Ax? + Aoy? + A322 = 1 is an ellipsoid with semi-axes of lengths 1/v/A1, 1/v/X2, 1//A3 and
with principal axes along the x, y and z axes. If E is similar to D, it will also represent a
quartic surface, but skewed and distorted. However three position vectors will be unchanged
in direction by the transformation — these are the eigenvectors. The ellipsoid will be stretched
in these directions by amounts given by the respective eigenvalues. Note that each of the
lengths 1/ \/)\—] is a local maximum, minimum or stationary value with respect to small changes
in the vector direction. This has prompted an important concept that the eigenvalues and
vectors in a more general sense maximise or minimise some function of the matrix. The area
of mathematical which investigates such problems is the ‘calculus of variations’.

3 Illustrative examples of matrix properties

Some numerical examples will help the reader appreciate the above interesting facts. I will take the
eigenvalue with largest absolute value to be A1, the next to be As.

3.1 A general 3 x 3 matrix

Our first example matrix is

4 -2 3
E=]|1 3 4. (7)
1 1 5

Its trace is 4. To find bounds on the eigenvalues first apply Brauer’s criterion, §2.1, item 12. The
largest absolute row sum is 9 and largest column sum is 12, so |A;| <9. The matrix is not diagonally
dominant, but let us see what Gershgorin theorems state as bounds of the eigenvalues. Applied to
the rows, the circle centres are at —4, 3 and 5 and the respective radii are 5, 5 and 2. These overlap
and span from -9 to +8. Applied to the columns the circles span from -6 to 12 so together the
eigenvalues must lie within (-6, 8), a modest narrowing of bounds from +9. The circle for column
1 spans (-6,2) and the other two overlap and together span (-2, 12). They only touch at -2 so it
is likely that there is only one eigenvalue in (-6, -2) and two in (-2,8).

Solving for the eigenvalues in the classical analytic way, the characteristic equation is
(-4-N)([3-A][6-A]-4) + 2(6-X+4) + 3(1+3-X) = -A3+4\2 +16)\ - 14.

To check the Cayley-Hamilton theorem use

11 5 -5 -34 -12 28
E> =|-5 11 35|, E3=]|-4 78 204
0 10 26 -16 56 170

and the zero matrix does result. Since we have here E2, we can evaluate the Wolkowicz-Styan bounds
using Eq 5 of item 14. m = 4/3 and s? = 48/3-16/9 so s = 83/2/3 = 3-77. The eigenvalues are bounded

—4<)\<—1%<)\<4<)\<6§.



The roots of the characteristic equation are found by Newton’s method to be
A1 = 6-212664048, A2 = —2-971119456, A3 = 0-7584554087 .

I give them to high precision for later comparison with the results of approximate methods. It is
heartening that all three bound estimates are consistent with these values. The Wolkowicz-Styan
ones are the tightest.

To find eigenvector p; we form the matrix equation E - 6212661 = 0 and take pi3 to be 1.
There are then two independent simultaneous equations for the other two components:

-10-12166p13 - 2p12 — 3 = 0

P11 — 3-21266p12 + 4 = 0

with solution p11 = 00470554, p1o = 1-2597195. The other eigenvectors are found in the same way,
giving

0-0470554 6-2538745 1-6990701
p1 = [ 1-2597195], p2 = |-1-7172449 |, P3 = | -2-5424745] . (8)
1 1 1

As a demonstration that they span 3-space but are not orthogonal, the angles between pairs of
eigenvectors are as follows: p; and po: 94-7°, ps and p3: 40-8°, ps and py: 114-2°. Here is an
example of a fairly arbitrary vector expressed as a sum of these eigenvectors:

1
1] = 0-89458p; + 0-17098p2 — 0-06556 p3 . (9)
1

Using elementary row and/or column operations the inverse of E is found to be

L (-1 -1
E'=—]|9 17 -19]. (10)
Wl 6 10

This can also be found from the characteristic equation using the Cayley-Hamilton theorem in the
form 14E7! = -E? + 4E + 161. Its trace is 16/14. Brauer’s criterion gives that |)\;| <45/14 =3-21. In
fact 1/|As| = 1- 318, comfortably under this upper bound. The three Gershgorin circles derived from
the matrix rows overlap and cover the wide interval (-41/14, 45/14), that is (-2-93, 3-21). Applied
to the columns, the circles span (-26/14, 46/14) so combining all Gershgorin circles with Brauer’s
estimate reduces the interval to (-26/14, 45/14) = (-1-86, 2-71).

The characteristic equation of E-! is —14h3 + 16h2 + 4h — 1 = 0 with roots h = 1 - 318469,
0160962, -0 - 336573, equal to 1/A3, 1/A1, 1/Ag respectively. To find the eigenvectors qs of the
largest eigenvalue, the simultaneous equations to solve are

—29-45857q31 — 13¢q32 + 17 = 0

9qg31 — 1-45857¢q32 — 19 = 0

and the solution is g3; = 1-69907, g32 = —2- 54247, precisely the same as for p31, ps2. This illustrates
the intriguing fact that a matrix and its inverse share the same eigenvectors.



The matrix P and its inverse which will diagonalise E are

0-047055 1-699070 6-253875 -0-0441735 0-2438131 0-6949425
P =|1-259719 -2.542475 -1-717245], P! = | 0-2035268 0-0884303 —0-1209744
1 1 1 -0-1593532 -0-3322434 0-4260319

Within machine accuracy

6 - 2126640 0 0 M 0 0
P 'EP = 0 -2-.9711195 =10 X 0
0 0 0- 7584554 0 0 M3

The transposed matrix E” has the same eigenvalues but these eigenvectors, which are pro-
portional to the respective rows of P~

~0- 063564 ~1-682395 —0- 374042
ai = | 0-350839 |, qo = [-0-730984|, q3 = |[-0-779856
1 1 1

Direct calculation shows that the dot (inner) product qupj =0 if ¢ # j. Therefore q; and p; are
orthogonal. A useful normalisation of the non-zero products sets the |p;| = 1 and qJij =1. I make
use of this scheme in §5 on matrix deflation, but there introduce notation which has the eigenvectors
of E denoted x and normalised |x;| = 1, and the eigenvectors of E” denoted y with ijxj = 1. This
leaves p and q meaning the same eigenvectors normalised such that the last vector component is 1.

3.2 A symmetric matrix

As an example, take

1 1 3 -1
1 2 5 1
B = 3 5 -2 3
-11 3 -2

and let us see what we can learn about its eigenvalues without solving the characteristic equation.
The trace is —1. Brauer’s row-and-column sum test gives all |A| < 13. In Wolkowicz and Styan’s
statistics criterion the trace of B? is 105, so m = —1/4, s = 5-12. The intervals in which the four
eigenvalues are predicted to lie overlap:

-9-1<A<-3-2, -5-4<A<2-7, -3:2<A<4-9, 2-T<A<8-6.

Using elementary row addition and multiplication operations I have transformed B to a
row-equivalent triangular matrix

11 3 -1
01 2 2
T‘00—15 2
00 0 =101

Note that no target row is multiplied by a negative number in these row operations as that would
change the sign of the pivot. The pivots are the diagonal elements and their signs show that two

10



eigenvalues are positive, two negative. We can immediately revise the bounds from Wolkowicz and
Styan to
-9-1<A<=-3-2, -5-4<)X<0, 0<A<4-9, 2-T<A<8-6.

By subtracting a constant 8 from the diagonal elements, the value dividing positive from negative
eigenvalues is moved by (. This allows us to test various ranges to see if an eigenvalue lies within a
given range. For instance, take 8 = 4. The shifted matrix and its row-equivalent triangular matrix
are

3 1 3 -1 3 1 3 -
1 -2 5 1 0 -30 108 12
35 6 3| o o 93 22
11 3 -6 0 0 0 -59

This has three negative pivots so only one of A\; -4, j =1, 4 is positive: that is, only one eigenvalue
is > 4. Since there are two < 0, there must be exactly one in the interval (0, 4). Similarly shifting
by adding 4 gives

5 1 3 -1 5 1 3 -1
1 65 1 0 29 22 6
352 31710 o0 -7 6
11 3 2 00 0 27

which has only one negative pivot. So one of A\; +4 is < 0, or one < —4. Taking all this evidence
together we know that the eigenvalues are ordered

-9-1<A<—4, -4<)A<0, O0<A<4, 4<A<8-6.

This case study illustrates how we can gain a rough idea of the positions of the eigenvalues on the
real number line. This may guide the choice of algorithms and indeed the whole strategy for solving
the problem. However, we still have no idea as to the eigenvectors.

Solving in the classic way, the characteristic equation is A* + A3 — 5202 — 47\ + 101 = 0 with
solutions

A1 = =7-1056967, Ag =7-0423731, A3 =-1-9642282, Ag =1-0275518

where they are indexed in order of absolute value. These values lie within the predicted intervals.
The corresponding eigenvectors are

0- 6705359 15949580 0-2432323 ~9.0849973

| 0-7691055 [ 30293222 ~ [-0-7435009 [ 0-6999624

PL=0 g 73ars54 | P27 [2.5360030]° P2 7| 0-3408350 | P* 7| 0-0808640
1 1 1 1

The pair-wise dot products of these are all zero to within machine accuracy, proving that these are
a mutually orthogonal set. This is always the case with symmetric matrices.
3.3 Products of symmetric matrices

Matrices of the form AB, where A and B are symmetric, occur in finite element calculations as
MK where M and K represent the mass and stiffness distributions of the structure. Here is a
simple contrived example to illustrate that the eigenvectors are orthogonal with respect to weight

11



functions A~! and B. Two arbitrary symmetric matrices will in general give complex eigenvalues,
so I have chose A and B so that E = AB has only real ones. Let

11 4 0 1 1 3 -1

1 2 5 0 1 2 5 1

A= 4 5 -2 1|’ B = 3 5 -2 3

00 1 6 -1 1 3 =2

We also need to know that
176 -133 18 -3 14 23 0 12
1 |-133 109 6 -1 18 30 3 16
-1 - = =

AT = 15| 18 6 -6 1]’ E=AB 2 5 44 -7
-3 -1 1 19 -3 11 16 -9

The characteristic equation for E is A* — 79\3 + 1107\? + 17062\ — 11615 = 0 with roots 50 - 43142,
3734133, -9-42702, 0- 65427 and respective eigenvectors p;j

2-27800 -3-2814 -0-183353 -1-30900

3+ 08656 -3-85184 -0-334982 0-237810

2-01958 |’ 4-92921 |’ 0-169233 |’ 0-194459
1 1 1 1

Incidentally, there is no simple relationship between the eigenvalues and eigenvectors of A, B and
E. The point to be demonstrated is that piTA_lpj =0 and p;'BPj = 0 unless 7 = j. I have confirmed
this for the above matrices, obtaining products of typically 107, which is essentially 0 to machine
accuracy.

Here is a proof of this intriguing fact. The eigenvalue equation is A~ Bp; = \;p;. Use the
property of transposes that CD? = DTCT to show that

p; BT (A™)T = A\py .
Since A, and hence A~!, and B are symmetric,
p, BA™' = \p].

Now multiply on the right by A p; to get

p, Bp; = \ip] Ap;. (11a)
Swap the labels and take the transform
(p; Bpi)" = Xj(pj Ap)".
piTBpj = )\ijTApj. (110)

The left sides of Eq 6a and b are the same and their right sides differ only through the subscripts on
A. But the eigenvalues \; and \; are not equal, so their multiplying factors must be zero.

12



3.4 A degenerate matrix

Here is an example of a matrix with three equal eigenvalues: \; = Ao = A3 =3, Ay =1.

3 000
-2 2 01
A= 0 0 3 0
2 1 0 2

The trace is 10, the determinant 27 and the characteristic equation is (A-3)3 (A1) = 0. Substituting
A =11into (A - \I)p gives the eigenvector py = (0,-1,0,1). Substituting A = 3 gives only one relation
amongst the vector components 2p;1 + pj2 —pjs =0, j = 1,3. Geometrically, this is the equation of a
plane and so must be spanned by two independent vectors. There is wide scope to choose two basis
vectors for this space, but (0,1,1,1) and (%1, %, 0,1) will serve — they both have the last component
equal to 1. Alternatively the Gram-Schmidt procedure can be used to produce two orthonormal base
vectors

0-574285 —-0-034508
by = -0-607517 by = 0-360020
0-091549 |’ 0-885726
0-541053 0-291005

We see that each of the three equal eigenvalues does not have associated with it a unique eigenvector,
but instead the three share a space, here equivalent to a plane. Degenerate matrices are likely to arise
in engineering and physics where the structure being described has rotational or mirror symmetry.

4 The direct power method

The Power Method was known in Victorian times as an iterative procedure converging on the eigen-
value with the largest absolute value and simultaneously upon its eigenvector. Indeed, the algorithm
focuses on the eigenvector and produces the eigenvalue as a by-product. It exists to two forms,
direct and inverse, the latter being described in the next section, §4. As above, the largest absolute
eigenvalue is called A1, the second A3, etc.

4.1 Matrix multiplication in the basic power method

The basic power method operates as follows. Using the example in §3.1, apply E of Eq 7 repeatedly
to the vector v = (1,1,1). This is a fairly arbitrary starting place, though the linear expansion in
terms of the eigenvectors at Eq 8 does show that p; makes the largest contribution. Some values are

-18 146 142 3156
Ev = [278], E*v = [1656], E°v = |10498]|, ESv = | 64596
210 1346 8240 51556

This looks opaque until the matrices are normalised by scaling so that, say, the bottom component
is 1. Some values are

-0-08571 0-10847 0-01723 0-06121
E’v - | 1-32381 |, E*v - [1-23031|, E°v - |1-27403]|, ESv - [1-25293
1 1 1 1

By iteration 20 the agreement with py is correct to 6 decimal places. If a further multiplication is
make on the normalised vector we get

0-0470544 0-2923380
Voo = 1-2597199 s EVQ() N /\1V20 = 78262135
1 6-2126633
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The bottom component is the largest eigenvalue, A1, correct almost to 6 decimal places. In practice
the normalisation would be performed at each iteration and the cycle stopped when the difference
between successive iterations is less than, say, 1075,

The subtleties are in encouraging the method to converge fairly rapidly whatever the values
of the eigenvectors. I now give some algebraic analysis of convergence. Using superscripts to index
the iterations, suppose that the starting guess is the vector in Eq 2,

V(O) = C1p1 + ¢2p2 + ....ChPn COpy Of (2)

where the last component of each p; is 1 and the eigenvalues are ordered |[Ai| > [Xa] > ... > ||
Multiply by E and renormalise:

v _ CIAIP1 + C2A2P2 + ....Ch APy
C1A1 +CoAo + ... + CpAn '

The weightings of the eigenvectors are now

Ci; .
Yk=1CkAk
After a second iteration
AW 2 2
" cj)\j c])\j cj)\j

C.

T Yk M Yad NN YA

After m iterations
Cj/\m

m
& = ch—z:A,T (12)
In particular the coefficients of p; and po are
c_l(ﬁ)m e (A2 )™
C%m) _ sz A2 ’ Cgm) _ c1 1m '
2—;(?—;) +1+ ... 1+E—1(:\\—f) + ..

Even though ¢; may be much smaller that ¢y (a possibility examined below), it is clear that (A1/A2)™

™ > 1and ™ >0, j>2,

and v(™) - p;. Subject to control of rounding errors, the iterations will almost certainly converge
on the eigenvector for the largest eigenvalue, provided |Aa| # A;.

What starting vector would give the worse convergence? Theoretically if ¢; = 0, convergence
to p1 should be impossible. Because the eigenvectors are not orthogonal, it is not sufficient to invent
a starting vector v(®) which is just a linear combination of py and pe; it is also necessary for it be
to normal to p;. The vector with these properties is (9-4104456, —1-1453442, 1). After only two
multiplications by E it is clear that the pull of A; has been suppressed and that the v/ are tending
towards the second largest eigenvector, ps. Closest approach to po is attained at 12 iterations where
the error in Ay is about 3x 1077, Perhaps surprisingly, with more iterations it diverges from ps in the
direction of p1. After 50 iterations the method has A1 and its eigenvector correct to 3 decimal places.
The power method, therefore, has an inevitability pull towards the eigenvector whose eigenvalue has
the largest magnitude.

will grow indefinitely with m while (Ag/A1)™ will shrink. Therefore ¢

Even with a favourable choice of starting vector the rate of convergence will depend strongly
on A\1/A2 and to a lesser extent on c¢;/ce. To emphasise these, let us evaluate the difference d,,11 =
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Figure 1: Ratio of differences of two components of v(") —v(™=1) gyer 20 iterations.

v+ _ (M) hetween two consecutive estimates of the eigenvector. For A\; > Ao the denominator of
Eq 7 can be expanded as a Taylor series:

~ 1-2,+X2 — ..., — = .
CIAT + Tpso LAY I [ T &m ] 22: c1
Smsl = v(m+l) _(m)
(Cl/\l p1+ch)\k +1pk) )\m+1[1 Zm+1+ ] - (Cl)\l p1+ZCk)\k pk) [1—2m+...].
k>2 k>2 1
L (A Ak
- Bn-Smalp + ’“(—’“) {1-spalt-n-x ]}
k>2 €1 A1 A
S () {0-3) . )
= | Xm—2m — 1-—)(%,,-1 — (X, -2
(S~ Smaalpr + 5% (5 ) - 1) + T oy
A& Ak
where X, — X1 = (—) (1——)
1 kz>:201 )\1 )\1

The factor (Ag/A1)™ features strongly here, but the expression does not become simple unless |cs| is
sufficiently small compared with |ca| to be neglected. In other words, the three largest eigenvalues
must be sufficiently widely separated. When this condition holds,

m
v _y(m) 0—2(&) (1 AQ) (P1-P2) + - (13)
C1 )\1 A
where the .... indicate terms in p; — p3 and in (A2/A1)?". Eq 8 expresses a geometric series with

common ratio (A2/A1). It will alternate if A; and Ay have opposite signs. If |A2| ~ |A1], convergence
will be very slow and the method may drown in rounding errors. If A » Ay, little can be done, but
if they differ in sign it is highly advantageous to shift the diagonal elements by a constant /3, as at
item 5 of §2.1 and discussed in §3.2 below.
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As numerical evidence for a geometric series, Figure 1 plots in blue the ratio

v%m) _ v%m—l)

U%m—l) _ U%m—Q)

of the first component vgm) of v("™) obtained with the matrix E of §3.1. The red points are ratios

for the second component vém). (The third component is normalised to 1 for all v(m) .) Even at
iteration 5 the ratios for the two components are close, being respectively —0-470 and -0 -468. At
iteration 10 they agree on —0-478430 to 6 decimal places. At this stage the A; eigenvalue has been
determined as 6-215 so the common ratio tells us that Ao is close to —2-973. Moreover, if all we were
interested in were the eigenvalues and not the other two eigenvectors for this 3 x 3 matrix E, A3 is
Trace—A; — A2 = 0-758. All three eigenvalues have been found from one short sequence of iterations

on one starting vector.

4.1.1 Rayleigh quotients

I should point out that there is an alternative way of calculating the iterated eigenvalue using the
Rayleigh quotient, introduced at item 3 in §2. Writing py for the estimated eigenvalue at the k"
iteration (so as not to confuse it with the A obtained by direct multiplication)

TRy (k)

(k) _ (k) (B)TRv(F) — (F)T (k) = =
Ev\Y = ppv so vV EVYY = vty and = ST (R

The expression on the right is the Rayleigh quotient. It involves extra calculation beyond determining
Ev() and so is a half-way-house between iterations k and k + 1 of the direct power method. To
illustrate this Figure 2 plots the natural logarithm of the absolute error in the estimated eigenvalue
of our example matrix E of Eq 7. The number of the iteration forms the horizontal axis and I have
plotted the points for the direct power method at integer values and the Rayleigh quotient values
at the next % For this case Rayleigh quotient is slightly more accurate than the next direct power
estimate, though it converges at the same rate. It is a matter of judgement whether it is worth the
extra effort in calculation compared with making another couple of multiplications by E.

4.2 Predicted values using summed geometric series

There is considerable scope to improve the estimation of the eigenvector components and leading
eigenvalue using the fact that the differences between successive iterations form geometric series. |
present here a summary and refer the reader to Appendix 1 for supporting analysis. The essential
concept is that if the first term C and common ratio r of a geometric series can be identified, then
the sum to infinity, S, is given by the formula we learned at school
S = L, Ir|<1.
1-r

This allows the value currently estimated by the basic power method — by multiplication by E — to
be projected as if through an infinity of further iterations to the true value. Indeed if the differences
0 did form exactly a single geometric series, the precise values of p and A would be known after only
three consecutive iterates. I have not seen this aspect of the Power Method described in textbooks
or the literature, but it seems quite obvious so I suppose it to be well known. The analysis here is
my own.

Consider the first order approximation where a single geometric series is used to project a
value for the eigenvalue. When three consecutive evaluations, )\(1), )\(2), )\(3), have been made by
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Figure 2: Error in estimated value of A\; = 6-2126641. In|e| versus iteration number. Blue: direct
power method. Red: Rayleigh quotient. Starting vector was (1,1,1). The errors alternate in sign.

k () Ok Tk > x 100 Moo €A €RB ratio
1 5

2 7.2 2-2

3 | 5-833333 | -1-366667 | —0-62121 | —-84-29907 | 6-35700934 | 0-1444 | -0-3793 | 0-381
4 | 6-409524 | 0-576190 | —-0-42160 | 40-531046 | 6-23864379 | 2-60g_o 0-197 0-132
5 | 6-121843 | —0-287681 | —0-49928 | —19-187944 | 6-21764437 | 4-98g_3 | =9-08g_o | 0-055
6 | 6-256796 | 0-134954 | —0-46911 9-186092 | 6-21370342 | 1-04p_3 | 4-41gp_o | 0-024
7 | 6-191714 | —0-065082 | —0-48226 | —4-390756 | 6-21288856 | 2-25g_4 | -2-10g_o | 0-011
8 | 6-222718 | 0-031004 | —0-47638 2-099999 | 6-21271385 | 4-98g_5 | 1:-0lg_o | 5-0g_3
9 | 6-207864 | —0-014854 | —0-47910 | —1-004263 | 6-21267524 | 1-12g_5 | -4-80g_3 | 2-3p_3
10 | 6-214961 | 0-007098 | —0-47783 0-480277 | 6-21266658 | 2-54p ¢ | 2:-30p_3 | 1-1g_3
11 | 6-211566 | —0-003396 | —0-47843 | —0-229686 | 6-21266462 | 5-77g_7 | —-1-10g_3 | 5-3g_4
12 | 6-213189 | 0-001624 | —0-47814 0-109844 | 6-21266418 | 1-31g_7 | 5:25p_4 | 2-5E_4
13 | 6-212413 | —0-000777 | —0-47828 | —0-052531 | 6-21266408 | 2-93g_5 | -2-51lg_4 | 1254
14 | 6-212784 | 0-000371 | —0-47821 0-025122 | 6-21266405 | 4-85g_9 | 1-20g_4 | 4-0p_5

Table 1: Comparison of two convergence scheme for \; of E: A) forward projection by sum of
geometric series, B) multiplication by E. Correct value is 6 - 212664048.

the direct power method, they furnish two differences § and one ratio of differences, and so project
to a value of )\("“), the supposed ultimate value:

This final formula on the right should give an even better estimate than [A(?) —rAM]/(1 - 7).

)y

5o = A3 (D)

)

:5:
&

r

5y = A®) _ @),

PYCREEIPONS =

17

%
5

A2 (D) AB) @2

1-r

1-r
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An example is shown in detail in Table 1. It lists the results of two methods for estimating
the eigenvalue A; = 6-212664048 for matrix E, Eq 7. The first starting vector was (1, 1, 1). However
the parameters of the geometric series are calculated in a rolling way from the most recent three
multiplications by E. Thus M) at iteration 8, say, uses MO XM and A®) . The columns in Table
1 are:

1. the iteration number of the basic power method,

2. the estimate of eigenvalue by the direct power method, by multiplying A*1) by E,
3. the difference 8§ = A(%) — \(k=1),

4. the ratio r = 0 /dk_1,

5. the sum to infinity of the geometric series formula in Eq 14, multiplied by 100 for convenience
of reading,

6. the projected value, )\(°°), of the eigenvalue,

7. the error e4 = AX(®) — 6212664048 in the geometric series scheme,

8. the error e = A(%) — 6212664048 in the current estimate of the power method for comparison,
9. the ratio of errors € 4/ep in the two methods.

The sequence of A(e) clearly converges much more rapidly with iteration than the sequence from
the basic power method. By iteration 7 it is 100 times more accurate, by iteration 10, 1000 times.
Note also that the errors €4 in the geometric series projection all have the same sign. The process
can also be applied to the components of the eigenvector and gives the same rapid convergence.

Prediction using geometric series can be made more sophisticated. Appendix 1 shows that
the difference between iterations d,, = vj+1 — Vi is more accurately given by the five terms

Cr™(1-r)(P1-p2) + Ds"(1-5)(P1-Pp3)

+ C2r2m(1 - rz)pz + CDr"s™(1-rs)(p2+p3) + D2s2m(1 - 52)p3. (15)
(&) C3 )\2 )\3
C = — D = — =—, = —
01’ C1 ’ " )\1 s )\1

where the ¢1, co, c3 are the contributions of the three eigenvectors to the starting vector® as at Eq
2. The geometric series given at Eq 14 above come from the first term in Eq 15, with common ratio
r. Clearly there are four other series here with ratios s, 2, rs and s2, and further, less significant
series. It is possible in principle to determine the first term and common ratio of each of these
contributing series by solving a set of non-linear simultaneous equations. This can be achieved using
a multi-variable version of Newton’s iterative method, given with a sufficiently close initial guess of
the ratios A2/A; and A3/A; obtained either from the series itself or from the bounds on eigenvalues
obtained in the preliminary survey. In Appendix 1 I shows how a double and a triple geometric series
can be fitted to a sequence of five or six (respectively) values of eigenvector or eigenvalue iterate.
Using the notation

C(l-r)(p1-p2) =C, D(1-5)(p1—-p3) = D, C*(1-rH)ps = €. (copy of Al.4)

3 Starting vector here means the first in the current sequence of values used in calculating the geometric series. This
increments at each iteration of the power method to give a running sequence of values being used.
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iteration power single double triple
method series series series

3 5-833333
4 6-409524
5 6-121842 | 6-217644372
6 6-256796 | 6-213703418
7 6-191714 | 6-212888564 | 6-212664546
8 6-222718 | 6-212713857 | 6-212667297 | 6-212668260
9 6-207864 | 6-212675248 | 6-212664177 | 6-212663888
10 6-214961 | 6-212666586 | 6-212664093 | 6-212664075
11 6-211566 | 6-212664625 | 6-212664050 | 6-212664046
12 6-213189 | 6-212664179 | 6-212664048
3 -0-3793
4 0-1969
5 —-0-0908 4-98p_3
6 4-41p 9 1-04p_3
7 -2-10g_9 2-25p_4 4-98p_7
8 1-01g_9 4-985_5 3:-25p¢ 4-21p¢
9 -4-80p_3 1-12g_5 1-295_7 -1-59g_7
10 2-30p_3 2-54p_¢ 4-57p_g 2-Tlg_g
11 -1-10g_3 5-78p_7 2-695_9 -1-73r_9
12 5-25p_4 1-32p_7 6-50g_10

Table 2: Example of convergence to the eigenvalue \; = 6 - 212664048 by four means: 1) simple
multiplication by matrix E, Eq 7, 2) fitting a single geometric series, 3) fitting two geometric series,
3) three geometric series. Upper panel lists estimated values of A1, lower panel lists errors.

the double series is C+Cr +Cr2 +Cr® + -+ + D+ Ds+Ds% + ......

series E+Er2 + Ert+ oo,

The triple series adds to this the

Table 2 lists the projected values of eigenvalue A\; of matrix E using a) simple multiplication
by matrix E, b) projection with the single series as in Table 1, ¢) projection with two geometric
series with ratios r = Ag/A; and s = A\3/A1, and d) projection with three series with ratios r, s and
r2. The upper panel lists the projected values of A\; and the lower panel lists the errors. I wrote a
computer program to obtain these values. The parameters of the double series are calculated in a
rolling way from the five most recent multiplications by E, and the triple series uses the most recent
six. Appendix 1 gives a reasonable way of obtaining initial values for Newton’s method so that the
iterations converge. (To be clear, iterations of Newton’s method are nested within the iterations
of Power Method.) In this example the calculation was stopped at iteration 12 when the double
series projection changed by less than 1078 from one Power Method iteration to the next. The ratio
r = Ao/ A1 = —0-478235769 obtained for the double series gives Ay = —2-9711182, very close to the true
value of —2-9711194, so essentially the second eigenvalue has been determined. The agreement from
s =0-2273 with A3 is less good: 1-41 compared with 0.758. The eigenvector p; was simultaneously
calculated as (0-047055409236, 1 - 25971945692, 1), correct to 11 decimal places.

The sequence of three-series projected values shows little advantage in rate of convergence

over the double series, but the parameters can yield projected values of the second eigenvector ps. To
see this note that the constant (m = 0) terms of the series with ratios r and r? are C = C(1-7)(p1-p2)
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and £C?(1 - r?)py respectively. Given numerical values for these and of the component p; just
calculated, we have two simultaneous quadratic equations in C and ps. For example, in the calculation
which gave Table 2 at iteration 11 the parameters for the first component of the dominant eigenvector
were

C =-0-02098, &€ =0-00002338, r=-0.478236.

The solution is C' = ¢a/c; = 0-002121, po = 6-739. If you refer back the exact eigenvector as Eq 8,
the correct value is about 6 -254. The parameters fitted to the triple geometric series for iterations
8 to 11 are listed in Table 3. po; refers to the first component of the eigenvector po, and psg to the
second, the third being normalised to 1. A few things to note in this table are

e the values of 7 = A\y/\; are very close and consistent and agree to about 6 decimal places with
the r values in the double series.

e the values of s = A3/\; are more scattered. Averages are shown in the right panel. These
averages give A3 = 087, to compare with the true value of 0-758. Although the double series
has a much more consistent value of s at 0-227, the projected A3 = 1-41 is about twice the
correct value.

The above solution of two simultaneous equations can be done for each iteration, so I list the
solutions, C' = ca/cy and pop, in Table 4. The first column states the component of py and the second
names the variables in the simultaneous equations. With the first eigenvector component solutions
at all four iterations are consistent. Their average is 6 - 2726 which compares well with the correct
value of 6-264 (refer to Eq 8, §2.2.1). It is disappointing to find that the solutions for the second
vector component are complex. I have no explanation for this. However in any iteration the value of
C obtained for component po; should also hold for ps;. Using this C' with the values of C in the poo
panel of Table 3 give the values in the bottom row of Table 4. These average at —1- 726, compared
with the true value of —1-717.

To summarise, by fitting a double and a triple geometric series to four or then five consecutive
values of the differences § maximum information has been wrung from the power series iterations.
The basic power method would have resulted in an estimate of p; and A; accurate after 12 iterations
to 5x 107*. After the same 12 iterations the double series has found p; and A to 6 x 1071, and also
Ao to 6 decimal places. The triple geometric series has added a useful approximation to the second
eigenvector pg as (6-273, —1-726, 1). This is an excellent starting point for a power method search
for precise pg = (6-254, —1-7171, 1). The weakness in fitting the double and triple geometric series
is in obtaining convergence of Newton’s method.

It is interesting to see what the power method with geometric series project makes of the
degenerate matrix of §3.4. I ran the computer program I had written to implement the direct power
method, giving three arbitrary starting vectors from which the program chooses the best after three
iterations. At iteration 9 it stopped, having converged through the triple-series projection to A\; = 3
with error (that is, change from the last iteration) less that 2-5x 107 and eigenvector

1-0614213

-1-1228426

0-1692047
1

This does satisfy the relation amongst the vector component given in §3.4 that 2p; + po = py4 for any
p3. The ratio r in the geometric series pointed to the second largest eigenvalue being 0 - 999985,

20



iteration 8 9 10 11 average
D21 C | 0-191822 | -0-09173 | 0-043869 | -0-02098
D | 0-000231 | -1-627p_5 | 3-085p_¢ | 1-936E5-¢
£ 10-002132 | 0-000512 0-00011 | 2-338g_5
r| -0-47823 | -0-47823 | -0-47824 | -0-47824
s | 0-045245 | 0-284264 | 0-063567 | 0-218592 | 0-152917
D22 C | -0-09201 | 0-043997 | -0-02104 | 0-010062
D | -0-00045 | -5-8495_5 | -6-5625_¢ | -8-435F—_7
E | -0-00105 | -0-00022 | -5-292p_5 | -1-194g_5
r| -0-47822 | -0-47823 | -0-47824 | -0-47824
s | 0-096026 | 0-146348 | 0-105815 | 0-137759 | 0-121487
A C | 0-593755 | -0-28383 0-13573 | -0-06491
D | 0-017619 | -0-00067 | -0-00011 | -9-514F_¢
£ | -0-03518 | -0-00319 | -0-00067 | -0-00016
r| -0-47816 | -0-47823 | -0-47823 | -0-47824
s | 0-242613 | 0-077125 | 0-176494 | 0-090935 | 0-146792

Table 3: Parameters of three geometric series fitted to differences § of two components vi, vo of
eigenvector and to eigenvalue over iterations 8 to 11.

8 9 10 11 average
po1 | C'] -0-02114 | 0-010615 | —0-00477 | 0-002121
p2 | 6-186396 | 5-892949 | 6-272302 | 6-738926 | 6-272643
p2o | C'| complex
p2 | -1-68495 | -1-54413 | -1-72608 | -1-94989 | -1-72626

Table 4: Projected components 1 and 2 of the second eigenvector po obtained from triple geometric
series from iterations 8 to 11 of the basic power method. pos calculated using C from pqo.

remarkably close to 1. Running the program again with different starting vectors gave convergence
at iteration 9 to eigenvalue 3 but a different eigenvector

0-9452984

—-0-8905967

0-4520796
1

which satisfies the same relation, 2p; + p2 = p4. The fact that different starting vectors give the same
eigenvalue but different eigenvectors is clear evidence of a degenerate matrix. Both these vectors
should be expressible as linear combinations of the orthonormal base vectors in §3.4. Indeed they
are 1-848248 by and 1-666364by + 0- 338170 bg respectively. We might expect a similar behaviour
with a non-degenerate matrix which has two or more eigenvalues close together. I may term such a
‘near-degenerate matrix’. Appendix 2 gives an example.

This use of geometric series to accelerate convergence seem very obvious, yet I could not
find an account of it in the books I consulted or on the internet. I therefore wrote to Prof. David
Watkins at Washington State University, and he kindly replied that the method is equivalent to
Aiken’s ‘delta-squared’ method. This was first described by the New Zealander Alexander Aiken in
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1927 as a general method for accelerating the convergence of any series that is geometric or almost
geometric. David Watkins explains

The extrapolation technique is equivalent to Aitken acceleration (Aitken’s delta-squared
process), found in Wilkinson’s book (page 578) and covered in many numerical analysis
texts. It is not usually presented in terms of geometric series, but it is nevertheless the
same. I didn’t make use of Aitken acceleration in either of my books.

Aitken acceleration is useful whenever a sequence converges linearly, or geometrically
as you call it. The QR algorithm with standard shifting strategies normally converges
quadratically, so Aitken is not of use there. I think that is the reason Aitken has not
become an important tool in the world of eigenvalue computations. It is only good for
accelerating linearly convergent processes, and it is not competitive against quadratically
convergent processes.

4.3 Shifting to improve convergence

Shifting the diagonal elements of the matrix is a way to manipulate the ratio of largest to next largest
eigenvalues and so promote convergence. As shown at point 7 in §2.1, the offset 5 changes the ratio
of eigenvalues to
AL+
M +B (16)
A2+

and this is largest when § = —Ao. Using our example 3 x 3 matrix E, suppose that with some happy
guess of starting vector it is becoming clear after a few iterations that A; is near 6-2. Now Ag is
unknown, but we do know that the average value of Ao and A3z is (Trace—\1)/2. The convergence
rate towards A; can be increased with 8= (4-6-2)/2=-1-1, the mean of the other eigenvalues. To
confirm this numerically note the following alternative calculations. Taking (1, 1, 1) as the starting
vector v(9) and no shift of diagonal elements, the first five estimates of largest eigenvalue are 5, 7-2,
5-83, 6-4 and 6-12. A measure of change between consecutive estimates v("™) and v(™*1 next

is required, so I use § defined as v/( Z[vj(.mﬂ) - U](.m)]2) where v](m) is the j' component of vector

v(™)_§ is the length of the vector joining the points defined by v("™ and v(™*1) when regarded as
position vectors. If the iterations continue with no shift, § reduces to 7-6 x 1077 at 21 iterations of
the direct power method. If instead E is replaced by E —1-11 after the first five iterations, ¢ has
reduced to the same level after 9 further iterations, making 14 in all. This is not a great saving in
calculational effort in this case, but still cuts it to 2/3. The eigenvalue arrived at is 7-312665 which
needs adjusting downwards by 1-1. The other two eigenvalues, could they be found, are —1-87 and
+1- 86, straddling zero evenly, the best that could be achieved by choice of .

Having found A\; a second eigenvalue-vector pair can be found by shifting by 8 = A1 to
make A; play no role in the iteration sequence. If A; is positive and Ao is negative, as here, the
shifted sequence will converge to Ao. If Ao is also positive, shifting by A; will give convergence on
A3. Multiplying (1, 1, 1) a few times by E -6 - 21, the first four eigenvalue estimates are —1 - 2,
-10-4, -9-75, =9-5 and, if allowed to continue with 5 = 6-2, ¢ falls to 9 x 1077 by iteration 27.
It is possible to optimise 3 as above based on the estimate Ao » =9-2+6-2 =-3-0. With § set
to (Trace—(-3-0))/2 = 35 after the first four iterations, in a further 15 iterations (19 in all) ¢ has
reduced to 7 x 1077, another modest but worthwhile improvement in convergence rate. The other
two eigenvalues have been shifted to 2-71 and -2 - 74 giving the smallest absolute value of the next
largest eigenvalue.
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This suggests a two stage approach to finding an eigenvalue A. First a few iterations on
the starting vector are used to find a rough value, then a shift of matrix diagonal is introduced to
enhance the rate of convergence. Since a poor choice of starting vector will give poor convergence at
the start of the process, it is probably worth trying two or three vectors and picking the one which
has the smallest change § at each step, since small changes in the iterates signal closeness of the
true value. Three starting choices might be (1,1, 1), (1, -2, 1) and (-1, 0, 1), which are mutually
orthogonal. Further increase is the rate of convergence will probably be possible using the summed
geometric series described in §3.2. We see that in the direct power method there is considerable
scope for rapidly finding at least some of the eigenvector-value pairs.

In Appendix 1, §9, I give details of an attempt to find the eigen pairs of a challenging 6 x 6
matrix which has some eigenvalues close together.

5 Inverse power method with LU decomposition

Can the Power Method be adapted further to find the third and further eigenvalue-eigenvector pairs?
The Inverse Power Method is a scheme which applies the iteration process not to E but to its inverse
to take advantage of the fact that the eigenvalues of E~tare reciprocals 1/\:

1
Ep=Xp so p=)E'p, Elp-= Xp.
Suppose one suspected an eigenvalue of E near 5. Shifting the diagonal by S will make that eigenvalue
shift to near zero and then its reciprocal will be very large. Convergence through multiplication by
the inverse shifted matrix should therefore be very rapid. Finally the resulting eigenvalue must be
transformed into an eigenvalue of E by reverse shift of its reciprocal.

Though this sounds a good scheme, it would be of little practical use if we actually had to
invert E. With large matrices this would be a heavy challenge subject to rounding errors. Instead
the equation

(m+1)
;v(mﬂ) is written E (V ) = v(m (17)

m+1 )\m+1

Elvim =

and the simultaneous equations implied by the second form are solved for the components of
v(m+1) /Am+1. Solution is made easier by factorising E using ‘LU decomposition’.

5.1 LU decomposition

LU decomposition is well described in texts on linear algebra so I mention it only briefly. The idea
is to factor the given matrix into the product of two triangular matrices, L and U where L has 1s
on the diagonal and Os above the diagonal, and U has 0s below the diagonal. The motivation is that
the given equation Au = v, say, can be replaced by two equations each of which is far easier to solve:

Au=v - LUu=v - Lw=v, Uu=w. (18)

With L and U being strictly triangular, solving each of the sets of simultaneous equations on the right
is simply by a sequence of substitutions from row to row, solving one equation in one variable at each
row. U is produced by applying elementary row operations ezcept swapping rows* to A. Each such

4 Not all matrices can be LU decomposed without some swapping of rows. The technique can be extended to these
by multiplying L on the left by an elementary permutation matrix.
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row operation is effected by multiplying by an invertible matrix e;. Suppose that U =e,,...eze1 A.
Then L=ej'e;!...e;t.

I will now find an LU decomposition of our example matrix E (without a shift) and use it
with the inverse power method to find the eigenvector with smallest magnitude. The answer should
be 0-7584554. The matrix is

-4 -2 3
E=|1 3 4
-1 1 5

There is not a unique decomposition — they differ depending on the order and nature of the elementary
row operations. The scheme I have used has 7 steps:

Ry~ 3R, Ry—Ry-Ri, ,Ry—3ZRy, R3— R3+Ry,

Ry~ 2R3, Rs—>R3-Ry, R3— 1 Rs.

The elementary matrices start

1 -400 1 100 1 100 1 100
e] =(010), e, =(110), e; =(020), e =(ooo).
001 001 061 101

The product of inverses gives L and the LU decomposition

1 3
-4 0 0\ (1 & -3
E=]1 3 oflo 1 8] (19a)
3 7
-1 2 I\ o0 1

It will be observed that L is made from the non-zero elements of the ej_1 and this provides a short
cut to writing I once U has been found. Note also that since none of the e; has changed the sign
of a row, the signs of the diagonal elements of L, namely -4, 5/2, 7/5, give the signs of the three
eigenvalues, one negative, two positive. Their product is —14, the determinant of E.

It is possible to factor L itself into a lower triangular matrix L’ with 1s on the diagonal and
a diagonal matrix d . Observe that

-3 00 1 00
0 2 o|L=]-1 1 0f=1L".
00 3 i &1
1 0 0\(-4 0 0
so |-+ 1 0|0 3 0|U=E
B VAW

This is called ‘LDU decomposition’ though I do not see that it offers any advantage over the two-
product LU version. Despite a superficial resemblance to a similarity transformation, the above
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product is not similar to E because L'"' # U and the eigenvalues —4, 5/2 and 7/5 are not the
eigenvalues of E. It does, however, point to an alternative LU factorisation as L'.(DU):

1 0 0\[{-4 -2 3
1 5 19 _

-1 1 0 0 5 4l = E (19b)
1 3 7

i E 1 0 O 5

Since the eigenvector to A; of E was fairly close in direction to (1, 1, 1), I will choose the
starting vector for 1/A3 to be orthogonal, namely v(® = (1, =2, 1). The first iteration runs as follows.
Solving Lw = (1, -2, 1) gives w = (_?1p —1—70, %) Next, solving Uv = w gives v = %(16, -22,9). The
normalised first iterate is therefore v(}) = (1-7778, -2 - 4444, 1). Continuing this two-step process,
the second and third iterations give (1-665, —2-538, 1) and (1-706, =2 - 540, 1) and the estimated

(reciprocal) eigenvalue is 1-326. At this point we have at least two options:

Option 1 : Continue with the inverse power method for a few more iterations and fit a dou-
ble geometric series to the sequence of eigenvalue estimates. This sequence runs

1-2857143, 1-2539683, 1-3264014, 1-3153179, 1-3191361, 1-3182819
with differences &
—0-0317460, 0-0724332, -0-0110835, 0-0038182, -0-0008542.

Fitting a double geometric series to the last four values of & gives first terms C = 0 - 052984,
D = 0-019449 and common ratios r = —0- 2567216, s = 0-12950. (Refer to §4.1 and Appendix
1.) The projected sum to infinity is 0-0645030. Adding this to the second A iterate above gives
1-31873 =1/0-758454. This is the third eigenvalue with error of 1 in the 6th decimal place (should
be 5). The ratio r points to Ay ~» —2-92; the true value is -2 - 97.

Option 2 : The agreement between v® and v® is already probably sufficient for us to take
1-326 as an estimate of the eigenvalue and consider a shift 8 given by (Trace-1-326)/2 to speed
convergence. Unfortunately this is not straightforward since we know neither E-! not its trace®.
Instead we can shift the diagonal of E. The current estimate is Az » 1/1-326 = 0-754. Subtract this
from the diagonal of E and the shifted eigenvalue will be close to zero and its reciprocal large. To

apply the inverse power method we now need the LU decomposition of

-4.754 -2 3 -4-7540 0 0 1 0-4207 -0-6310
1 2-246 4 = 1 1-8253 0 0 1 2-5371
-1 1 4-246 -1 1-4207 0-0104/\0 0 1

Use the last estimate of the eigenvector, (1-706, -2 -540, 1), and convergence is very fast. In two
iterations the eigenvalue estimate is 224 - 4467 and in three it is 224 - 4463, giving A3 of E to be
0 - 75845540876 which is correct to 9 decimal places. The eigenvector is similarly precise. There is
little value in using geometric series here as convergence through shifting is very rapid..

The effort in the inverse power method is largely in calculating the LU decomposition, though
this need be done only once, and then using it with back or forwards substitution to solve for

5 The trace of E™* bears no simple relation to the traces of L and U, and finding E™* would require finding both
L' and U™

25



the next estimate of the eigenvector. It can be used judiciously with the direct power method to
improve convergence once the direct method has given a rough value for an eigenvalue, say A;. The
procedure would be to take 8 equal to the A; estimate, subtract it from the diagonal of E, find the
LU decomposition of the resulting matrix and operate with this on the best estimate so far of the
eigenvector.

5.2 Rayleigh quotient iteration

In Option 2 of the previous subsection we applied a constant shift of 0754 to E to make the
reciprocal of the shifted A3 large. We might suspect that, as the iteration sequence converges towards
an eigenvalue, the shift could be adjusted at each step to accelerate convergence. The natural choice
of shift is the most recent estimate of A\. This is known as Rayleigh quotient iteration because the
last estimate of A is given by the Rayleigh quotient defined in §2, item 3 for symmetric matrices as
the quotient of two scalar products, p? Ep / |p|.

To see what improvement it makes, here is the inverse power method applied to finding A3 as
in the previous subsection, but modified by continual shifting. I start with zero shift and the starting
vector used previously, v(©) = (1, -2, 1). The first iteration gives reciprocal eigenvalue estimate 9/7

and hence )\:(31) =7/9=0-7778. So 7/9 is subtracted from the diagonal of E; call this E;. The LU
decomposition of this is now found and E;~'v(D) calculated. Its value is (-84-007, 125-662,

- 494216 ) from which the estimate of the eigenvalue of this shifted matrix Eq is —49 - 4216 =
~1/0 - 020234. Normalising the vector, v(?) = (1-6998, —2-54265, 1 ). The current estimate of A3
is 0-7778 —0-020234 = 0-75754. So E is shifted by this amount to form Eg and the next cycle
carried out. This gives a change in A3 of 1/1096 -8 and the next iteration adds a further change of
~1/(1-9156 x 107). The total shift is now 0- 758455408744, which is A3 correct to 12 decimal places.
The eigenvector is similarly accurate at (1-69907005196, —2-54247453929, 1).

As we expected, convergence has been remarkably fast, but it has required a new LU decom-
position at every iteration to solve the inverse matrix multiplication. It will be a matter of judgement
how to trade between convergence rate and the efforts of LU decomposition.

Rayleigh quotient iteration is essentially the above process of shifting the diagonal at each
iteration, except that the shift ); is calculated by the Rayleigh quotient rather than simple multi-
plication by E. The formula for the next iteration is

V?EVj e
T ) Vj+1 - @a

Vj Vj

\j = G=(E- NIy, (20)

where ; refers to the iteration index.

In Appendix 2, §10 I illustrate a combined direct-inverse power method with diagonal shifting
and geometric series projection all being applied to a challenging 6 x 6 matrix which has some very
close eigenvalues.

6 Matrix deflation and reduction

The direct and indirect versions of the power method essentially just determine the eigen pair with
the largest absolute value. The largest eigenvalue has a magnetic effect on iteration schemes, pulling
successive iterations towards itself even if the intent is to determine a different eigen pair. It is
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necessary, therefore, to have some way for setting aside the largest pair as they are found so that the
next largest eigenvalue/vector pair can be determined. Several ways of eliminating an eigenvalue from
a given matrix have been proposed, and the process is known as ‘matrix deflation’. I suppose whoever
invented the term pictured the matrix like a punctured balloon or tyre losing air and collapsing. There
are also algorithms to decreased the order of the matrix and leave an (n —1) x (n — 1) matrix with
the same eigenvalues as E except A;.

6.1 Hotelling deflation

The most simple scheme is probably that known as Hotelling deflation after Harold Hotelling, an
economics professor late of Stanford University. It has the great advantage that the other eigenvalues
and eigenvector are not changed. This is my own account.

Consider the given matrix E subject to a similarity transformation (§2, item 11, Eq 4) which
converts it to the diagonal matrix D. The transformation matrix P is constructed from the column
eigenvectors p; of E. Now the diagonal entries of D are the eigenvalues and D can be split into a
sum of matrices each of which involves only one eigenvalue. I illustrate it for a 3 by 3 matrix.

D:)\lm1+)\2m2+)\3m3, (21)
100 0 00 0 00
m; =0 00|, me=(010], mz=]000
0 00 0 0O 0 01

The essential step is to form D — Aymy which clearly has eigenvalues 0, A2, A3; that is, A; has
been replaced by zero. The inverse of Eq 9 is E = PDP~! and this carries through to the sum of
one-eigenvalue terms:

E-\MPm;P! = \,PmeP !+ \sPmsP™! (22)
and this too has eigenvalues 0, Ao, A3 while the eigenvectors ps and pg have not been changed. The

matrix has been deflated.

True though the above is, it is not much help to the power method as it stands because only
one eigenvector, p; would have been found; the matrix P requires p2 and ps as well. Fortunately
there is a route to Pm; P! which does not require ps and p3. We use the properties of the transposed
matrix E and its eigenvectors briefly introduced at item 9 in §2 and at the end of the example in §3.1.
It aids the analysis greatly if we change the normalisation of the eigenvectors. To avoid confusion
I will retain p; as the eigenvectors of E normalised with the final vector component set to 1, as so
far in this article. I introduce x; to denote the same eigenvectors but normalised to be unit vectors:
x| =1.

Let y; be the eigenvectors of E”. Here is a proof that x; and y; are orthogonal. We have
Ex; = \jx; and ETy;C = ULYE -
Hence yzExj = )\jyzxj and XJTETyk = ukxfyk.
Use the reversing property of the matrix transpose operator to obtain
(x;BEy)" = yiEx; = ey, %,

which is identical to the line above and means, with 7 = k, that pz = A\x. In words, a matrix and
its transpose share the same eigenvalues. Where the eigenvalues are all different (no degeneracy),
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Ak # Aj, j # k, implies that yng = XjTyk = 0. This proves orthogonality. For j = k it will be
expedient to normalise y; so that the dot product y;fpxj = 1. (This does not generally make y; into
a unit vector.) Now form the transformations matrix X from the columns x;, j =1, 3. This is the
equivalent of P. Also form Y from the columns y;. The orthogonality of the vector pairs x; and yj
leads to X and Y being related by Y7 X = I, the identity matrix. Therefore

YT = Xt (23)
Revisit Eq 19 with the renormalised eigenvectors.
E-AXmiX ! = AXmeX '+ A3 XmsX ™!

E-\MXmY? = MXmoY7? + A3Xms Y7 .

The final step is to see that Xm; Y7 = x;y7, a 3x 3 matrix. If we write X and X as block matrices,

yi yi
100
T _ T _ - T
Xm Y = (x| x2 | x3)[0 0 of[y5] = (x| x2 | xs)|0]=x]
00 off—
Y3 0

The matrix mj ensures that neither x5 nor xs features. The consequence for the power method is
that once \; and x; ( = p1) have been found, E can be deflated by removal of A\; provided we invest
in also determining y; for ET. For a symmetric matrix E7 = E and there is no extra work involved.
For a general matrix the inverse power method should allow y; to be found quickly since we can
subtract, say, 0-98\; from the diagonal of E to make the reciprocal shifted eigenvalue very large.

Here is an illustration for the matrix E of Eq 7, previously examined at length. We pick up
from §3 where A; and p; were found. p; is renormalised to x; = (0-0292438, 0-7828865, 0-6214769).
To find y; subtract about 0-98\; = 6 -1 from the diagonal and carry out LU decomposition on E”.
I have used (1,-2,1) as the starting vector. After eight iterations of the inverse power method the
shifted reciprocal eigenvalue has changed by only 2-6 x 107 and settled at 8-87594597336. Then
6-1+1/8-87594597336 is A\; correct to 11 decimal places. The corresponding eigenvector is equally
precise; its first few digits are

-0- 0635643 -0-0710783
0-3508392 | so y=|0-3923124 |, yPx;=1.
1 1-1182114

-0-0020786 0-0114727 0-0327008
xy! = [-0-0556463 0-307136 0-8754326 |,
-0-0441735 0-2438131 0-6949425

-3-987086 -2-0712762 2796841
E-6-2126640xy” = | 1-3457115 1-0918666 —1-4387686 | . (24)
-0-7255647 -0-5147288 0-6825557

This is the deflated matrix with eigenvalues 0, Ao, A3 and trace 4 — A\; = -2 -212664. It is now a
singular matrix without an inverse so it cannot be used as it stands in the inverse power method.
It is, however, all right in the direct power method and can be used to find a precise value for A
and particularly the eigenvector pe. (In truth Ag is already known to high precision from the Trace-
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A1 — A3, all now determined.) In §4.1 Table 4 the geometric series projected value of Ao (from the
ratio r) was 2-9711182 and p2 was (6-273, —1-726, 1). When this is used as starting vector in the
direct power method with the deflated matrix Eq 21, convergence is rapid, and can be made even
more rapid by shifting by about (-2-212664 +2-9711182)/2 = A\3/2 ~ 0-4 and/or using the geometric
series projection.

I have quoted several iterations of A and p to high precision to emphasise that such precision
is necessary where several eigen pairs are to be found, because rounding errors in the first few pairs
accumulate and propagate to later pairs. A constant check is that the sum of eigenvalues should
equal the trace of the original matrix.

There is a more general deflation process named after Wielandt. It has the advantage that is
does not require the eigenvector y of E to be found, but suffers because the eigenvectors x = p are
not those of the original matrix. It is therefore a way for finding eigenvalues only. The eigenvectors
would have to be found in a separate operation by solving (E — AI)p = 0.

6.2 Matrix order reduction

I found the scheme described below in an old book on numerical methods by Louis G. Kelly, Addison-
Wesley 1967, page 134. It is a way of simultaneously eliminating one chosen eigen pair and reducing
the matrix order by one. It is simple to use, but has the limitation of Wielandt deflation that the
eigenvectors are not preserved. I will describe the method first through an example then give a
proof.

Let us remove A1, p1 from matrix E of Eq 7. The matrix is partitioned to separate the
right-most column and the bottom row. The eigenvector, normalised so its last component is 1, is
also partitioned:

-4 =213
E:(Br): 1L 3141, p1=w1=
-1 115

0-047055
1-259719

The reduced matrix is

(25)

B, - Bows - (—4 —2) ~ (0-047055)(_1 1 - (—3-952945 —2-047055)'

1 3 1-259719 2-259719  1-740281

The eigenvalues of E; are Ay and A3 of E. Its eigenvectors are respectively (-2 -0849491,1) and
(-0-4344898,1).

Whoever thought up this ingenious device probably had in mind to effect a partial diago-
nalisation of E so that the eigenvalue of interest is isolated on the diagonal by being alone in a row
or column of zeros. Just as a full diagonalisation is effected by a similarity transformation using
a matrix whose columns are the n eigenvectors of the n eigenvalues, so partial diagonalisation for
one eigen pair may be achieved by a similarity transformation in which the transformation matrix
uses the one known eigenvector. The partitioning of E and p; as above anticipate the structure of
the partially diagonalised matrix E;. The transformation matrix, T may originally have been an

intuitive guess:
B I | w -1 _ I -wp
() (e
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Here I denotes a block whose elements are those of the identify matrix of order n—1. The similarity
transformation is

T-ET - ( B -w;s ‘ Bwi +r —wi(wys +c) )

S ‘ wis+c

From this we pick out elements of the eigenvalue equation

_ . Blr wi\  (Bwi+r) [ Aw
Ep; = \ip1 equivalent to (7‘7) ﬂ = W = H

The upper right block in T"'E T is zero and the partially diagonalised matrix is
B-wis| 0
H=|——7-—+—]. 2
( S A1 ) (26)
Being a similarity transformation, this has exactly the same eigenvalues as the original matrix though

of course the eigenvectors are different because the transformation is geometrically equivalent to
rotation and stretching of the co-ordinate axes.

What about the eigenvectors of E;, which would be found if, say, the Power Method were
applied to it? I find that it is possible to wind the deflation and matrix reduction process backwards
and recover the eigenvector ps once A2 has been found from E;. The steps are:

1. Find the eigenvalue Ay of E; and its n—1 row eigenvector which I will call q». The components
of this satisfy the same n —1 simultaneous equations as they would in the n xn matrix H since
the coefficient of the last column in H is 0.

2. Let the components of g2 be multiplied by a constant 5. Take the dot product of the bottom
row of H— AT with 8q2 and solve for the 5 that makes this dot product zero. The eigenvector
of H corresponding to qz is the block matrix (8qz,1)7.

3. Form an nxn matrix in which this column eigenvector is the first column and the other columns
are all 0 except for their last rows which are 1. Call this matrix G.

4. Apply the reverse similarity transformation to G. The first column of TG T~ ! will be the
required eigenvector pe of E. The second column will recover the eigenvector p;.
This is how it works for E; of Eq 23. A = =2-971119 and q2 = (-2 - 084949, 1) have been
found. Refer to the last row of H — AsI3 and solve the dot product
—(-2-084949) 5 + B+ [6- 212664 — (-2-971119)] = 0.

The solution is § = -2 - 976964 so the eigenvector in H is (6-206819,-2-976964,1). The matrix G
is therefore

6-206819 0 O 6-253875 0-047055 -0-306500
-2-976964 0 O and TGT ! = [-1-717245 1-259719 -0 -246368
1 11 1 1 -0-306775

The first column is p2, the second is p; as given at Eq 8. I have not seen this recovery of the
eigenvector describes in the literature, but again I assume it to be well known.

Sections §4, 5 and 6 plus Appendix 1 have presented several tools that can be tried to
determine the real eigen pairs of a given matrix. It seems likely that no one approach will solve all
eigenvalues of all matrices so some informed thinking may be needed to shape the approach in each
case. As a test case and example of an overall strategy, Appendix 2 §10 sets out my attempt to solve
a b x b non-symmetric matrix with real, fairly well spaced eigenvalues. This should not prove too
difficult. A much more challenging matrix is tackled in Appendix 3, §11.
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7 Jacobi’s method for symmetric matrices

In 1846 the mathematical prodigy Carl Jacobi published a method equivalent to finding the eigen-
values and eigenvectors of a symmetric matrix by rotating the axes to reduce the off-diagonal elements
to zero. This is achieved by a similarity transformation so the diagonalised matrix has the eigenvalues
of the original one down its diagonal. The method was picked up again by Wallace Givens and others
in the 1950s.

To understand the method, first consider a 2 x 2 symmetric real matrix A as describing some
symmetric physical quantity. Item 20 in §2 explained that diagonalising A is equivalent to rotating
it to align its principal axes with the co-ordinate frame being used to measure the elements of A.
Rotation is effected by multiplication by a matrix of the form

cosf sinf
P = (—sin9 cos@) ' (27)

Since we want a similarity transformation to present the eigenvalues, the rotation P and its inverse
are used as a pair. Writing ¢ for cos @, s for sin 6, the calculation runs

c =s\(f g\[c s
s cl\g hJ\-s c
_ (~9sin20 - 5(f —h)cos20 - 5(f +h) gcos20 +1(f—h)sin26
gcos20 + 1(f - h)sin26 gsin20 - 1(f—h)cos20+3(f+h))"
This is symmetric. The off-diagonal elements can be made zero by suitable choice of 6, namely
29
h-f"

From this ¢ and s can be found by taking nested square roots:

1 2
c =+ /5(1xR), s ==x/s(1FR), RZZW, : T:%,

Note that R? is always positive so the root is a real number. It is necessary to choose the outer and
inner signs, — or +, according to the signs of g and A — f. I find that this choice works:

P 'AP

tan20 = (28)

g h-f couter cinner souter s inner

>0 >0 + + + -
<0 <0 + - - +
>0 <0 + - + +
<0 >0 + + - -

This concept is now extended to an n x n symmetric matrix, n > 2. This is pictured as a symmetric
quantity in n dimensions being rotated about one axis at a time. If rotation involves the j** row and
the k™ column, P is the identity matrix with a 2 x 2 rotation inserted:

10 . 0 0 0o . 00
o1 . 0 .0 0O . 00
. .0 e
0 0 aj; . 0 ajg - 0 0
1 e
0 0 ak5 - 0 Akl - 0 0
. .0 .
0 0 0 . 0 0 1
oo0o. 0 . O 0 1

w
—



We identify a;; with f, ay; = ajx with g and agy with h. P! is obtained from P simply by reversing
the signs of the two s. When P"'AP is formed, elements arj = ajr — 0.

The algorithm is iterative. At each iteration ap; = aj; is chosen to be the off-diagonal
element with largest absolute value. At the end of that iteration these elements are both 0, but in
the next iteration they will in general again become non-zero. However, by stages the whole matrix
is nudged towards becoming diagonal. As an illustration, I wrote a computer program and applied
the method to the 4 x4 symmetric matrix B from §3.2. The convergence can be tracked by watching
the decrease in off-diagonal elements towards zeros, either by noting the largest absolute element
used for choosing the rotation matrix, or by the absolute sum of off-diagonals. Figure 4 plots both
on a logarithmic scale. (The sum in red points is of the upper off-diagonals only.) Convergence
is slow to start, but accelerates. The red curve has a monotonic decrease. The non-linear graph
shows that it converges faster than a geometric series. I set the finish criterion to be that the largest
off-diagonal element is < 10 and this was achieved at iteration 17. All eigenvalues were then correct
to at least 14 places of decimal. There is also advantage in calculating the eigenvalues of the 2 x 2
submatrices down the diagonal, as was done with the QR method in Example 3 of §7.2 and in §7.3.
For matrix B the three pairs of roots for the three 2 x 2 submatrices have stabilised by iteration 13 to
{-1-96422818,-7-10569674}, {1-02755183, -1 96422818}, {7-04237309,1 - 02755183} respectively.
These are the eigenvalues correct to 8 decimal places. The eigenvalues of these submatrices therefore
anticipate the eigenvalues of the whole matrix.

Jacobi’s method has the benefit of producing all eigenvalues simultaneously to about the
same accuracy — unlike the Power and QR methods, it does not seem to favour one eigenvalue. A
further advantage is that all the eigenvectors are obtained simultaneously from the product of the
individual rotation matrices Po Py P2 ....Pny; each column is the eigenvector of the eigenvalue in the
corresponding column of the diagonalised matrix. The method clearly has much to recommend it,
the main shortcoming being that in the form above it applies only to symmetric matrices. No doubt
it has been extended to non-symmetric ones. One thought of my own was to try to convert the given
matrix to upper triangular form by nested elementary rotations. Suppose the proto-2 x 2 matrix is

0*‘0\*,,*5141;1

o %)
d h)’

largest 5\‘\.4\‘§ 10 15

-

iteration

InS
-10

-15

-20 b

Figure 3: Convergence of the Jacobi method for matrix B. Red: log,( sum of upper off-diagonal
elements). Blue: log,( largest upper off-diagonal element).
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I find that d can be set to zero by rotation through angle 6 if
(d+g)s®—d

T (F-hys
This can be solved as a quadratic in s? to give

o 2(d+g)+ (f-hPe(f-WR 5 _ 2(d+g)+(f=h)’%(f-I)R

= 0, c=cosf, s=sinf.

2D 2D

R = \/(f-h)2+4dg, D=(d+g)*+(f-h)>. (29)

The result, however, is real only provided (f —h)? +4dg > 0, otherwise s and ¢ are complex. Shifting
the diagonal does not overcome this problem because f — h remains the same. I have written a
computer program to effect this variant of Jacobi’s method. To deal in some limited way with
iterations in which R would be complex, if the largest absolute element in the lower off-diagonals
gives R? negative, the second largest element is substituted for the first. If that too gives R? negative,
the third largest is used, and if that too gives R? negative, the program terminates.

The program runs to correct completion with the 3x3 matrix E of §3.1 using at each iteration
only the largest off-diagonal element. In this matrix the lower off diagonals are fairly small compared
with the diagonal elements, and this favours R? being positive. At iteration 13 the sum of lower
off-diagonal elements was 1-4 x 107! and all three eigenvalues were to at least 10 decimal places.
In addition the eigenvector of the eigenvalue at position (1, 1) was correctly given. This bonus is
granted because the upper triangular matrix in locally diagonalised in its first column.

The method failed to converge with both test matrices in Appendices 2 and 3. T examined
several 6 x 6 matrices which were diagonally dominated. With most the algorithm also failed to
converge. It seems that unless R? is positive for the largest element at every iteration, the lower
triangle never reduces towards zero, but instead the sum of lower off-diagonal elements can increase
or decrease in an apparently random way. One matrix for which it did converge, though only after
over 60 iterations, was

15 1 2 -3 3 -1
2 8 3 -1 -1 2
-1 0 -11 3 -2 -3
-3 -1 1 7T 2 1
2 2 1 -3 -8 3
-1 0 -3 3 -2 1

Note that all diagonal elements are relatively large except in the last row. At iteration 69 the largest
off-diagonal element was 9-5 x 107 and the eigenvalues given as

-10-75526106
-8-35418432

0-726374653
6 - 49865301
7-33031404

16 - 5541036824

in that order down the diagonal. The first eigenvector is also given, but not the others. At every
iteration R? was positive for the largest element; this may well be a criterion for convergence. Clearly,
my extension of Jacobi’s method is not of wide applicability and does not converge particularly
quickly. However R? becoming negative does tell you that the method is not applicable.
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8 Eigenvalues by QR-Schur decomposition

We now turn to another and more widely applicable iterative algorithm which also solves for all N
eigenvalues at the same time. The QR algorithm was developed independently by John Francis in
England and Vera Kublanovskaya in Russia in 1959 to 1961, though only Francis implemented it on
a computer. The name Schur is also associated with QR decomposition. Issai Schur was of Russian
Jewish descent, but studied under Frobenius in Berlin then worked all his adult life in Germany until
forced to flee in 1939. He died in Tel Aviv in 1941.

8.1 A rationale for the basic QR algorithm

The first paper by John Francis® describes some of his thinking in developing this algorithm. He
was building on an iteration scheme developed a year on so earlier by Heinz Rutishauser involving
LU decomposition, the so-called LR transformation algorithm. Here is my own invented rationale of
how we might imagine the algorithm coming about.

The aim is to develop an algorithm which will find all eigenvalues of a matrix A simultane-
ously. (The eigenvectors can be ignored for the time being.) We know that in a diagonal matrix all
eigenvalues appear with equal status along the main diagonal, so it would be attractive to devise a
scheme which will diagonalise our given matrix A. We need a similarity transformation involving a
square matrix Q such that Q' A Q is diagonal and has the same eigenvalues as A. In fact we do not
need a diagonal matrix — that is too demanding — since an upper or lower triangular matrix also has
its eigenvalues down the diagonal (§2 item 13). So the concept is, by iteration, to effect a similarity
transformation A = Ag > A where A, is upper triangular. In fact there is a theorem proved by
Schur that any square matrix is similar to an upper triangular matrix, the transformation matrix
being orthogonal (or unitary in the complex case).

Suppose that the overall similarity transformation is compounded from a sequence of sub-
similarity transformations of the form Ay, = QkflAk Q. As the iteration process draws to its
conclusion, Ay » Ayx,1 # A. That implies that Qi — I, the identity matrix and that Ay is almost
triangular. How might an iteration be engineered? Suppose we factorise Ay,q as follows:

A1 = QAL Qr = R Qi where Ry = Qi 'Ax so Ay = QrRy.

The iteration would then involve the two steps of factorising Ay into QxRy and then reverse mul-
tiplying RxkQx = Aks1. Qg will be made orthogonal (or unitary) and Ry made upper triangular,
consistent with the limiting behaviour of Ay.

Can a scheme along these lines actually converge? To answer this let us examine the result
of multiplying an almost triangular matrix by an almost identity matrix. I will illustrate this for
3 x 3 matrices. To fit with conventional notation let

l+e11 €12 €13 A1 +aq b12 b3
Qx = €21 l+ezn 32 |, Ry = 0 A2 + g bag
€31 £32 1+ €31 0 0 )\3 + Q3

where the €5, and «; are small deviations from zero. The b;; may be more substantial. We need
both the left and right products:

QxR =

5 The QR transformation, a unitary analogue to the LR transformation - Part 1’ Computer Journal, Vol 4, 265-271,
1961.
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M(1+epy)+ag+... bia(1+e11) + Aog1a + ... b13(1+e11) + A3e13 + bagera + ...

()\1+a1)€21 )\2(1+€22)+b12€21 + oo+ ... 623(1+€22)+)\3€23+b13€21+
()\1 + 041)631 b12€31 + )\2632 + ... )\3(1 + 833) + b23€32 + 613531 + a3+ ..
Rk Qi =
)\1(1 + 511) + b12e91 + bi3es + ... 1)12(1 + 622) + b13es2 + A1€12... b13(1 + 633) + A1€13 + b12eos...
)\2821 +b23€31+ )\2(1+522)+b23532+a2+ b23(1+633)+)\2€23+
()\3+043)€31 ()\3+043)€32 )\3(1+633)+a3+

The dots ... mean that a term made of a product of two small quantities has been omitted. Observe
the following differences between these two products. In the first an eigenvalue appears in only one
column, but in the second it appears in only one row. As a result in position (3,1) A\; has been
replaced by As. Similarly in position (2,1) A\; has been replaced by Ay and in position (3,2) Ay has
been replaced by A3. There is the complication that at (2,1) the significant quantity beg appears in
RQ, but it is multiplied by 31 which diminishes at each iteration. If |[A1] > |Aa| > [A3|, RQ is closer
to being triangular than QR because all elements below the diagonal are smaller in magnitude. If
QR were replaced by RQ at each iteration, the elements in positions (2,1), (3,1) and (3,2) would
converge to zero at the rates of Aa/A1, A3/A1 and A3/\g per iteration respectively.

A part of the concept which is still missing is how to determine the near-identity matrix Qy
and the triangular matrix Ry during an early stage of the iteration. Intuition may have led the
inventor of this algorithm to consider that Qx should be an orthogonal matrix — one whose rows
and columns are all unit vectors and whose dot product with other rows or columns is zero. It is
related to the identity matrix by rotations and reflections and is a unit matrix in the sense that
its determinant is either +1 or —1. The QR algorithm is a way of factorising the given matrix A
into the product QR were Q is an orthogonal matrix and R is upper triangular. The method is
well described in textbooks and on the internet so I will only outline it. We regard the columns of
A as vectors spanning an N-dimensional space. The Gram-Schmidt algorithm is used to find an
orthonormal set (perpendicular unit vectors) which span the same space. The algorithm takes the
vector a; in column 1 as a starting vector, which we label uy. The unit vector along this axis is
e1 = up/|ui| and this is the first column of Q. Moving to the second column’s vector ag, this will
have a component perpendicular to e; and a component normal to it. Calling the normal component
uz,

Uz = az—(az-el)el and 82=E.
|ug|
€2 becomes the second column of Q. The third column is a unit vector normal to both e; and es,
made by subtracting the components of ag which are parallel to e; and es. For the k" column

U = ak—(ak-el)el - (ak-ez)ez e —(ak-ek,l)ek,l. (30)

Thus A=[a;|az]|...|an] mapsto Q=[e1]|ez]|...|ex].

The upper elements of R are the projected lengths of the aj on the N unit vectors ey.

a;j-€e; az-€e; ... aN-€e1
0 az-€2 ... aN-e2

R=| | C . (31)
0 0 ... aN - eN

So QR factorises A into Q containing directional information and R with length information.

Drawing all this together, the QR-Schur iteration has these two steps repeated in each cycle:
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1. factorise Ay = Qx Ry,
2. reverse multiply to obtain Ay,1 = Ry Q.
From step 1 Ry = Qi 'Ax s0 Axi1 = Qu 'AK Qy, 2 similarity transformation. Propagating this

back to Ag
Air = Q7 'Qrr o Q1'Qo A0 Qo Q1 - Qi1 Qi

Using the order-reversing property of the inverse operator

Q' Qi1 - Q1'Qo ' =(Qo Q1 s Qi1 Qi) 7!

SO0 Ay,q is similar to Ag and therefore has the same eigenvalues. In most cases the sequence will
converge Qx — I and Ax - A, an upper triangular matrix, at rates dependent on Aj/A;. Then

A=Ap=0A,9" Q=QQ1 ... Q1Qx. (32)

Q is orthogonal. This is called the Schur form or Schur factorisation or Schur decomposition of A.
The required eigenvalues are read from the diagonal of A ., where they will be arranged in descending
order of magnitude.

With many matrices the algorithm does work out just as described. However with others Q
does not converge to the identity but to a variant with +1 or —1 in each row and each column and
Os elsewhere. The examples below and in Appendix 3 illustrate this.

8.2 Three numerical examples

I wrote a computer program to carry out Gram-Schmidt orthogonalisation and form the matrix R
of scalar products. This was then placed in an iterative loop which would terminate when all values
down the diagonal of the reverse product matrix RQ changed by less than 1077.

Example 1 : Here is the procedure applied to the 4 x 4 matrix E = AB of §3.3. The
change during iteration 3 is

49-0191 -6-6409  2-2392  6-9241
0-8493  3-3108 -38-0046 -3-1015
3-1514 -12-3166 25-9724 -6-0609
-0-0016 0-0424 0-0502  0-6977

E; =

0-9978 0-0568 0-0344 -0-0004\ (49-1277 -7-3590 3-2432 6-4663

|1 0-01729  0-2783 -0-9603 0-0046 0 12-3535 -35-3519 5-3438
| 0-06415 —0-9588 -0-2767 0-0049 0 0 29-3879 4-8979
-3-258g_5 0-0034 0-0058 1-0000 0 0 0 0-6512

49-0997 -2-3443 7-8986 6-4301
-2-0543 37-3518 -2-0509 5-2284
1-8850 -28-1606 -8-1028 5-0411
-2-123g_5 0-0022 0-0038 0-6512

R3Q3 = E4 =

It takes to iteration 53 to meet the convergence criterion. The last iteration reads

50-4314246  -3-5962 0-4729 5-9699

Es - -1-14p¢ 37-3413269  —-26-5469 3-1906

3-67p_36 0 -9-42701689 -6-9489
~7-96p_o3 0 0 0-6542654
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1 2:269g.s 0 O 50-4314246  -3-5962 0-4729 5-9699
| 2-27g-s 1 0 0 B 0 37-3413268  —-26-5469 3-1906
| 7-29p_3s 0 -1 0 N 0 0 9-42701689  6-9489
~1-58g_99 0 0 1 0 0 0 0-6542654
50-4314247  -3-5962 -0-4729 5-9699
Rs2Qsz = Ess = -8-47p_7 373413268 26 - 5469 3-1906
6-87E-37 0 -9-4270169  6-9489
-1-03g-99 0 0 0-6542654

Observe the following points

e Q does not converge to I, but to a unit matrix with —1 in position (3, 3). The eigenvalue A3
is correctly given in Esg as —9-427... (see §3.3). This is somewhat at odds with the rationale
for the algorithm in §7.1.

e The eigenvalues are arranged down the order in descending order of magnitude.

e The ratio of elements in position (4,1) between iterations 3 and 4 is 2-123/160 - 05 » Ag/\;.
Similar expected ratios are found in positions (2,1), (3,1), (4,2).

e As a consequence the overall convergence to a triangular matrix is determine by the ratio Ag/\;.
The last eigenvalues to converge are Ay and ;.

e The sum of the diagonal elements is 79 - 000..., the trace of the original matrix.

e The above-diagonal elements in R and E are of the same order of magnitude as the eigenvalues.
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Figure 4: Convergence of matrix elements (2,1), (3,1) and (4,1) to zero with continued iteration.

To emphasise how convergence depends on the eigenvalue ratios Figure 3 plots the absolute

value of the elements

in positions (2,1), (3,1) and (4.1) of Ex on a logarithmic scale against iteration

number k. The gradients settle to these values: —0-3005, —1-6770, —4-3446 respectively corresponding
to ratios 0-7404, 0-1869, 0-0130. If these are multiplied by Ay = 50-4314, they give 37-3414, 9-4275,

0-6545 in agreement

with Ao, |)\5| and \g.
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Example 2 : Though in this article I have not concerned myself with complex eigenvalues,
it is illuminating to see what happens in QR iterations when two eigenvalues are a conjugate pair. |
chose

1 3 -3
C=15 -2 1
1 2 1

and ran the computer program through over 50 iterations with no diagonal shift. The trace is 0.
QW does not converge; rather is tends to the form

-1 0 0
Q-10 s -t], 2 +t2=1.
0 t s

s and t jump in value from iteration to iteration, but s + it always lies on the unit circle in the
complex plane. The reverse multiplied matrix tends to

-5-1967535 b1a b
RQ - 0 bay  bo3 |,
0 bsa b33

where —5-1967535 is the real eigenvalue. The characteristic equation of the lower right 2x2 submatrix
tends to A2 — 51967535\ + 10 - 0062471 = 0 with roots 2 - 5983768 + 1 - 80407474, the two complex
eigenvalues. Convergence is alternating and does not fit a geometric series.

Example 3 : The third example is the symmetric 4 x 4 matrix B of §3.2. This has real
eigenvalues of which two have opposite signs but close absolute values, namely -7 - 1056967 and
7-0423731. The RQ matrices show features similar to Example 2. At iteration 36 convergence is
well advanced and the matrices are

-0-76673 7-03574 1-99p_19 2-0lg_11

7-03574 0-70341 5-82g_19 -8-27g_11
B34 =

4-015 0  -1-96423 —1-495 ¢
-1-68p_28 0 -1-495_9 1-02755
-0-10834 0-99411 0 0 7-07739 -0-06295 5-57p_19 -8-44p_11
B 0-99411 0-10834 0 0 0 7-07053 2-60g_19 1-11g_11
5-66F-19 0 -1 -7-59g_10 0 0 1-96423 7-11g_19
-2-38p_29 0 =7-595_10 1 0 0 0 1-02755
-0-82931 7-02892 -5-57g_190 -8-44g_11
. | 702802 076599 -2.60p10 1-11p11
R3aQsa = Bas = | | 41, 0 ~1-96423 ~7-80p-10
-2-445 99 0 -7-80g_19p 1-02755
Figenvalues A3 = —1-96423 and A4 = 1.02755 are correct, but we have a 2 x 2 symmetric submatrix in
0100
the first two rows with dominant off-diagonal elements. This is because Q is converging to (é ] 8).
000 1

Note that the other off-diagonal elements of B are almost zero. The characteristic equation of the
submatrix of Bgyg is A2+ 0-0633236\ — 50 - 0409675 with roots —7 - 105697, 70423731, the two other
eigenvalues. Thus numerically close eigenvalues appear in 2 x 2 submatrices, similar to complex
eigenvalues. In Example 1 the eigenvalues down the diagonal can be regarded as lying on the
diagonals of a sequence of 2 x 2 upper triangular submatrices stepping down the diagonal. These are
special cases of the general 2 x 2 submatrices seen in Examples 2 and 3, and suggest that in the QR
algorithm attention should be given to the 2 x 2 submatrices, especially when the orthogonal matrix
Q is not converging to a diagonal unit matrix.
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8.3 QR’s convergence rate and diagonal shifting

Convergence of the classic QR algorithm with real eigenvalues is convergence to an upper triangular
matrix. It is the tending to zero of the below-diagonal elements which tells us that the diagonal
elements are tending to the eigenvalues. The rate of below-diagonal convergence is determined by
the ratios Aj/A1, j =2, 3, 4, ..., N and in this respect it is similar to the Power Method. We might
hope that improved convergence would be obtained by the two devices of a) shifting the matrix
diagonal values and b) summing a geometric series, both of which are effective in the Power Method.
To be clear, §7.1 has not shown at what rate the diagonal elements approach the eigenvalues. A
visual comparison of the diagonals of QR and RQ at §7.1 shows how the b;; become mixed in with
the A and convergence is not obvious. Therefore we have no grounds to expect geometric series on
the diagonal elements even though they have been shown to occur below the diagonal. Nevertheless,
geometric series do seem to occur in some cases, and solving the 2 x 2 submatrices then fitting
geometric series to the iterated eigenvalue estimates may be fruitful as the case below illustrates.

Look again at the matrix B of §3.2 and in example 2 of §8.2. At the end of iteration 3 the
reverse-multiplied matrix By is

1.1813  6.9302 0.7336 -0.0152
6.9302 -1.2364 -0.0093 0.1058
0.7336 -0.0093 -1.776 -0.7293
-0.0152 0.1058 -0.7293 0.8336

0100

Q is already converging to (é 09 8) and the upper left 2 x 2 submatrix already shows equally
000 1

dominant elements off the diagonal. The characteristic equation of this submatrix is A2 +0.055039\ —

49.487961 with roots —7-062342 and 7-007302. Do the same with the lower right 2 x 2 submatrix; it
has characteristic equation A% +0- 944961\ — 2 - 014381 with roots —1 - 968348 and 1-023387. These
four roots of two quadratic equations are approximations to the eigenvalues of B. Table 5 lists the
corresponding values at the close of iterations 4 and 5. In Table 6 for each eigenvalue I show the
differences 05 = A = XG55 = XO) — \(Y) | their ratio 7, and the sum to infinity of their geometric
series according to the formula d5/(1 — ). This sum Y. is added to the estimate A(*) to give a
projected final value for A\. The errors in the last column show remarkable agreement with the
precise eigenvalues, and all after only five iterations. Clearly these projected values are good enough
to be used as diagonal shifts in, say, the inverse Power Method, and we can expect rapid convergence
of both the eigenvalues and eigenvectors.

Iteration ‘ 3 4 5
A -7-062342 -7-102659 -7-105471
Ao 7-007302 7-039693  7-042166
A3 -1-968348 -1-964499 -1-964245
A4 1-023387 1-027464 1-027550

Table 5: Eigenvalue estimates at iterations 3, 4 , 5 for B, §3.2.

As with the Power Method, I have not seen this approach described in the literature, though
it seems so obvious that others must have developed it. It is probably similar to Aiken’s acceleration
technique, which is know to offer benefit only where the series converges approximately as a geometric
series. To be valid the ratios of consecutive pairs of differences ¢, must be almost equal and have
an absolute value < 1 and preferably less than about 0-6. It may be that this is not achieved often
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04 d5 ‘ r Yoo A projected error
A1 | =0-0403170 -0-0028122 | 0-0697531 | —0-0030231 | —7-1056816715 | 1-5g_5
A2 | 0-0323913 0-0024727 | 0-0763378 0-0026770 7-0423703793 | -2-Tp_¢
A3 | 0-0038487 0-00025364 | 0-0659012 0-0002715 | —1-9642273288 | 8-6p_7
Ay | 0-0040770  8-59182p_5 | 0-0210738 | 8-77678p-5 | 1-0275518526 | 2-1p_g

Table 6: Geometric series fitted to differences d§, and projected eigenvalues.

enough for geometric series to be a worthwhile part of the QR algorithm. Appendix 3 describes QR
applied to a challenging 6 x 6 matrix.

In §4.3, Eq 16 we saw how shifting the diagonal elements by the same constant will greatly
change the rate of convergence in the Power Method. Some empirical evidence of the effect of shifting
in given in Figure 5 for the symmetric matrix B of §3.2 studied above. A fixed shift (the horizontal
axis) was applied for all iterations and the calculation continued until all A estimates down the
diagonal by less than 1077 from one iteration to the next. Figure 5 plots log;, of the number of
iterations required for this to be met as a function of the shift value 8 subtracted from the diagonal.
The eigenvalues are —7-10266, —1-9645, 1-0275 and 7-0397. What is most noticeable is the complete
failure to converge at six values corresponding to the spikes in Figure 57. These peaks correspond
with the arithmetic means of pairs of eigenvalues, these being listed in the table below.

eigenvalues | —=7-10266 -1-9645 10275
-1-9645 | —4-53358
1-0275 | =3-03758 —0-4685
7-0397 | -0-03148  2-5376 4-0336

When the shift is a mean value (A;+\;)/2, there is no reduction in the off-diagonal elements between
QR and RQ so the algorithm never converges. When the algorithm did converged, Q was

10 0 0 10 0 0 10 0 0
01 0 0 0 -1 0 0 01 0 0
0 0 -1 0 or 0 0 1 0 or 00 -1 0
00 0 1 0 0 0 -1 00 0 1

and the product RQ had all elements virtually zero except in the upper left 2 x 2 submatrix and on
the diagonal.

Let us now look further at what happens when the shift 3 is close to an eigenvalue. With
B =1-03 the reverse-multiplied matrix at the end of iteration 2 is

-3.775 4-831 4-373  —6-1lp_s
4-830 0-050 2-258  3-lpg
4-373  2-258 -1-393 -2-1p.

6-1p7 3-1pg -2-1pg —-0-002448

Observe that the last row and the last column are already almost zero apart from the shifted eigen-
value approximation in position (4, 4). By iteration 4 all off-diagonal elements in this row and this
column are less than 3 x 1072, In other words, the eigenvalue close to 1-03 has been found precisely
as —0-0024481687+1-03 = 1-02755183127 in only 4 iterations. The matrix can now be deflated simply

T At four of these spikes, —4-53, —3-04, 254 and 4-03, I have plotted a nominal 1400 iterations because the program
ran indefinitely.
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Figure 5: logyy N where is N is the number of iterations for the convergence criterion to be met as
a function of shift 8 subtracted form the diagonal of matrix B.

by deleting the bottom row and last column to leave a 3 x 3 matrix with the same three remaining
eigenvalues. We then have a smaller matrix which will converge to its smallest absolute eigenvalue
if given a close enough shift.

So how is a good estimate of an eigenvalue to be made to start the shifting process? The
bounds of Wolkowicz and Styan determined in §3.2 for B are one starting place, as is the method of
counting positive and negative pivots under various shifts. Another approach could be to apply a few
iterations of the direct power method, which will point to the largest absolute eigenvalue. Following
§3.2 suppose initially we take 8 = 2 and run the QR algorithm for a few iterations, calculating at each
iteration the eigenvalues of the 2 x 2 submatrices down the diagonal. At iteration 4 with 8 = 2 these
pairs are (1-23,-6-78), (6-46,-1-97), (3-52,1-02516) respectively, so here already is 1-025 giving
a good estimate of the smallest eigenvalue. Now run the algorithm with a shift of 1-02516 for only
one iteration and evaluate the last (bottom right) 2 x 2 submatrix. Its eigenvalues are 0-00238089
and —1-789406, so with the shift restored these are 1-027545 and —0-76424. Now take 1-027545 as
a shift and run the algorithm for one further iteration. At this stage the bottom (fourth) row and
last column have all elements almost zero; the matrix has become almost singular. The appropriate
eigenvalue of the last 2 x 2 submatrix is 6 - 790257 x 1075 which, when shifted back by the latest £,
gives a good eigenvalue approximation of 1-02755183. We saw this strategy of using the latest best
estimate of the eigenvalue as the shift § when assessing the Power Method, and clearly it works very
well with the QR method. Continual shifting was used by Francis as explained in §10.

8.4 Note on Krylov subspaces

As noted in the Introduction, §1, the QR method is effective for dense matrices (ones with no or only
a few zero elements), but has computer storage difficulties when matrices are very large, as are most
from finite element models. The Power Method, in contrast, requires only that the given matrix E
(or a diagonally shifted copy) repeatedly multiply a vector. E is not changed in the process. This
makes it a potentially useful starting point for developing algorithms for very large sparse matrices
which can be stored only as an indexed list of their non-zero elements.

Recall that the Direct Power Method is started by making a guess at an eigenvector, vg.

41



This is multiplied several times by E, and v, = EFv( in many cases converges to the dominant
eigenvector, simultaneously revealing the associated eigenvalue. I show in §4.2 and Appendix 1 that
if the sequence of vi, k=1,2,...,n is analysed as a geometric series, the eigenvector can be predicted
and hence convergence accelerated. The set of v so generated span a vector space called a ‘Krylov
subspace’after the Russian engineer Alexei Krylov who discussed their use in 1931. Several methods
for large sparse matrices manipulate the Krylov subspace to find one or more eigen pairs. Since
as k increases, the vi become closer and closer to each other and to the dominant eigenvector and
so lose their independence, several of these algorithms first produce an orthonormal spanning set
of independent vectors using either the Gram-Schmidt procedure, §8.1, or something similar. One
similar and more stable orthogonalisation scheme is the Arnoldi which produces an alternative set
of orthonormal vectors spanning the Krylov subspace of dimension n. Approximate eigenvectors are
obtained by finding a vector p within the Krylov subspace — that is, a linear combination of the
orthonormal base vectors — which minimises some function which would be zero for the true solution
of the eigenvalue problem, such as the modulus of (E — A\I)p.

Krylov subspace methods are also used to solve large systems of linear simultaneous equations
which in matrix form are Ex = c. Formally the solution is x = E~'c and we recall that by the Cayley-
Hamilton theorem the n x n inverse matrix E~! can be written as a polynomial in E of degree n — 1.
In many cases a polynomial of much lower degree can give a good enough approximation. We then
would have x » (a1E+a2E2+a3E3+....+amEm)c and we see that the vectors EFc are the generators of
the Krylov subspace of dimension m formed by E operating on the given vector c¢. The approximate
solution x is a vector lying within this Krylov subspace. The various iterative methods determine
the coefficients a; to minimise a suitable residual function.

According to Wikipedia the best known Krylov subspace methods for eigen pairs are the
Arnoldi, Lanczos (for symmetric matrices), Conjugate Gradient, IDR (Induced dimension reduction),
GMRES (generalized minimum residual), BICGSTAB (biconjugate gradient stabilized), QMR (quasi-
minimal residual), TFQMR (transpose-free QMR), and MINRES (minimal residual) methods. I refer
the interested reader to the literature.

9 Transformation to Hessenberg form

Both the Jacobi and basic QR methods gradually reduce a symmetric matrix to diagonal form, and
a general matrix to triangular form, by a sequence of similarity transformation which preserve the
eigenvalues. We now look at a half-way position in which similarity transformations convert the
elements in the lower left corner of a general matrix into zeros, and correspondingly, the lower left
and upper right corners of a symmetric matrix into 0s. The former are called Hessenberg matrices
after Karl Hessenberg. They are nearly triangular, having all entries below the first sub-diagonal
zero. In fact John Francis in his seminal papers calls them ‘almost triangular’. The equivalent
for a symmetric matrix is the tridiagonal form, with only the central three diagonals non-zero.
Intuitively, we might expect that eliminating as many elements as possible would ease the eventual
determination of the eigenvalues by reducing the number of necessary floating point operations in the
computer. It is an interesting consequence of Niels Abel’s impossibility theorem that there cannot be
an algorithm to produce a similarity transformation of a general matrix to diagonal form which does
not require that the eigenvalues — that is, the diagonal elements — first be known. This is because the
eigenvalues are equivalent to the roots of the characteristic polynomial, and Abel’s theorem states
that for polynomials of degree 5 and greater there is no closed formula or finite algorithm for the
roots. However, there are algorithms which will produce Hessenberg or tridiagonal form in a finite
number of steps.
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The advantages of Hessenberg form will become clearer below, but here I record the number
of multiplications of matrix elements necessary to evaluate some types of matrix product. An nxn
matrix has n? elements and when two general nxn matrices are multiplied n multiplications and n—1
additions are required to calculate each element in the product, so n® floating point x operations
in all are needed. In contrast, the product of two upper triangular matrices, which is also an
upper triangular matrix, requires n(n + 1)(n +2)/6 ~ n3/6 + n%/2 x operations. Hessenberg matrices
lies between these extremes. The product of two Hessenberg matrices is a matrix with two sub-
diagonals below the main diagonal. It requires (n—1)(n+4)(n+6)/6 ~ n3+3n?/2 x operations. The
product of a Hessenberg and an upper triangular matrix is another Hessenberg matrix and requires
(n+2)(n?+4n-3)/6 ~ n®+n x operations. By careful choice of algorithm LU and QR decomposition
of Hessenberg matrices can be achieved in only n? operations. Seeing the computational benefits of
Hessenberg form, Francis assumed it as the starting point in all his analsyis.

9.1 Householder reflectors

Whilst the Jacobi method achieves diagonal form with a series of elementary rotations, we now use
a series of elementary reflections. The left panel in Figure 5 is a 3-D diagram showing a vector
ag being reflected in a mirror plane into aj lying along the z-axis. The mirror passes through the
origin. In this co-ordinate system a; has only one non-zero co-ordinate. m is a unit vector in the
mirror plane, lying in the same plane as ag and a;. Clearly |ag| = |a1| and m is along ag +a;. n is
a unit vector normal to the plane and is along ag —a;. We want a matrix P which will effect this
reflection; that is, Pag =a;. Now ag = (a-m)m+ (¢-n)n and a3 = (a-m)m - (a-n)n. We therefore
need Pm = m and Pn = —n. The ‘trick’ here is to see that the matrix P’ = nn” will almost achieve
this. P'm = n(n? -m) = 0 since m and n are perpendicular. P'n = n(n? -n) = n since n is a unit
vector. The required matrix P is now seen to be I —2nn?. It is called a ‘Householder’s reflector’
after Alston Householder who developed its use in the late 1950s. The same formula for P holds in
higher dimensions.

Y
mirror
lane
p Ay mirror
n 1i
n 5 ine
%
aq X

Figure 6: A vector ag reflected into the z-axis as aj. Left: 3-D view, Right: 2-D view.

It is interesting to see the form of P in only 2 dimensions. This is shown in the right panel
in Figure 5 where the mirror line is at angle 6 to the z-axis. ag = (ag,a,). Vector m = (¢, s) where
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c¢=cosf, s =sinf, and n = (-s, ¢). Therefore

_ 2 _
P’ = nn! = (Cs) (—s c) = (_SCS CCQS),

3 ;o 1-2s2 2¢cs _ [cos20 sin20 ) 1 fa, ay
P = I-2pP - ( 2¢s 1—202) B (sin29 -cos20)  |a|\ay -az)’ (33)

This presentation reveals the similarity with the rotation matrix used in Jacobi’s method, Eq 27.

In N dimension, if the vector being reflected is ag = (a1, a2, as, ....,an) and if a3 = (|a/, 0,0, ....,0),
the unit normal is n = (a1 —|al, az,as, ....,an)/\/2la|(Ja| - a1) . Calling this (n1,na,n3,.....,nN),

1- Qn% -2nine  —-2ning ... -2nny
—2n9np  1- Qn% —2non3 ... —2nony

P = —271377,1 —2n3n2 1- 2n§ —2n3nN . (34)
—2nNn1 —2nNn2 —27”LNTL3 o 1= QTL?V

Not only is P symmetric but it has the very useful property of being its own inverse. Mathematically
this arises in part from the normalisation of n to be a unit vector, but physically it corresponds to
a double reflection in a mirror being identical to the original object.

A concrete numerical example may consolidate the above. Suppose that 4-D vector ag =
(3,2, -2,1) is reflected into axis 1. |a> = 18 so the reflected vector will be a; = (1/18, 0,0, 0).
n=(3-+18,2,-2,1)/3-2472. Then

0-7071 0-4714 -0-4714 0-2357
0-4714 0-2413 0-7587 -0-3794
-0-4714 0-7587 0-2413 0-3794
0-2357 -0-3794 0-3794 0-8103

P = I4—2nnT =

Direct calculation proves that Pag = (v/18, 0, 0, 0, ) as required.

9.2 Applying Householder reflections to obtain Hessenberg form

The example matrix I use here is

5 1 2 -3 1
3 1 -4 5 2
c=|2 -3 -1 4 -1{. (35)
2 1 2 -4 1
1 2 2 7 -2

This has five real eigenvalues. Observe that the first column contains the vector ag = (3, 2, -2, 1)
for which P was found in the last subsection. We want to convert this into (v/18, 0, 0, 0), thereby
introducing three zeros into C. Clearly P must be augmented to a 5 x 5 matrix before it can operate
on C so we fill it out with part of the identity matrix. Call this P. Its block structure is

1 0
P'0|P



where P is 4 x 4 matrix. Multiplying

) 1 2 -3 1
4-2426 0-7071 0-4714 -0-4714 0-2357
PC = 0 0-4714 0-2413 0-7587 -0-3794
0 -0-4714 0-7587 0-2413 0-3794

0 0-2357 -0-3794 0-3794 0-8103

where 4-2426 =+/18. This is all fine, but it is not a similarity transformation so its eigenvalues will
not be those of C. We need to post-multiply by P~' = P”. The result is

5.0  3-2998 -1-7015 0-7015 —0-8508
4-2426 -6-5000 5-5523 -0-3668 4-6618

PCP! = 0 0-8159 -3-0877 -0-6487 1-3593
0 -1-7587 2-3862 2-3502 -2-2100

0 1-3508 5-0719 0-5599  1-2375

and this does have the same eigenvalues. The zeros in the first row and first column of P prevent
this second multiplication from destroying the zeros which the first multiplication so obligingly
introduced.

Obviously the next step in moving to Hessenberg form is to apply a Housholder reflector to
the second column above. Now ag = (08159, —1-7587, 1-3508) with |a| = 2-3629. The new unit
normal is n = (-0.5721, -0.6504, 0.4996 ) and the new P is

1 0 0 0 0
0 1 0 0 0
0 0 0-3453 -0-7443 0-5717
0 0 -0-7443 0-15389 0-6499
0 0 0-5717 0-6499 0-5009

To complete this second step again post-multiply by the new P! and thereby obtain

5-0 3-2998 -1-5960 0-8215 -0-9429
4-2426 -6-5000 4-8551 -1-1594 5-2705

0 2-3629 2-8632 1-5368 0-3715
0 0 0-8462 -4-6070 3-9189
0 0 -0-2889 -1-5358 2-2438

A third step, operating on column 3, will complete the Hessenberg transformation. This time ag =
(0-8462, -0-2889), n=(-0-16378, —0-9865). We find the new

1 0 0 0 0
0 1 0 0 0
P=|0 0 1 0 0
0 0 0 0-9464 -0-3231

0 0 0 -0-3231 -0-9464

The non-zero 2 x 2 submatrix here has the form of Eq 29 and corresponds to reflection in a mirror
line inclined at —9-4° to the (N —1)% axis. The Hessenberg form is

5-0000 3-2998 -1-5960 1-0821 0-6269
4-2426 -6-5000 4-8551 -2-8003 -4-6131

Cu = 0 2-3629 2-8632 1-3343 -0-8482]. (36)
0 0 0-8942 -4-6204 -1-5751
0 0 0 3-8795  2-2572
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For later comparison, the eigenvalues of C and Cyy are

6- 0028872749, 3-74150042346, 1-73064164706, -3-7719295645, —8-70309978084.

To calculate eigenvectors it is necessary to keep track of the matrices P used in the similarity
transformations. Conversion to Hessenberg form is a stepping stone in crossing from the given matrix
to triangular or diagonal form, so we need to know how the eigenvectors have been changed in the
process. In the Jacobi method, §8, at each iteration the product was formed of the individual rotation
matrices PoP1Ps...Pn. Each column is the eigenvector of the eigenvalue in the corresponding
column of the diagonalised matrix. In converting to Hessenberg form the equivalent product of
reflection matrices needs to be calculated. The result to 3 decimal places is

0 0 0 0
0-707 0-648 -0-282 0-010
0-471 -0-698 -0-435 -0-317
-0-471 0-299 -0-518 -0-648
0-236 0-050 0-680 -0-692

OO O O

The algorithm applied to a symmetric matrix transforms it to tri-diagonal form. The tri-
diagonal form of B of §3.2 is

1 3.3166 0 0
3.3166 -0-7273  6-1065 0
B ~ 0 6-1065 0-6067 —1-2232]° (37)
0 0 ~1-9232 —1-8794

and the product of reflection matrices is

1 0 0 0

0 0-3015 0-8259 0-4764
0 0-9045 -0-0898 -0-4168
0 -0-3015 0-5566 -0-7741

PoP; = (38)

This means that the eigenvectors of the tri-diagonal form must be multiplied (on the left) by Po Py
to give the eigenvectors of the original matrix B.

It is interesting to compare the tri-diagonal form with the iterated matrices in the Jacobi’s
reduction of the same matrix, each of which has the same eigenvalues. Jacobi’s method gradually
turns the lower left and upper right elements to zeros, so is superficially similar to Hessenberg
reduction. However even at iteration 4 the diagonal in Jacobi’s method bears some approximation
to the eigenvalues:

-7-0861 0-0435 0-2085 0-3790
0-0435 -1-8956 0 0-4505
0-2085 0 6-8927 0-9260
0-3790 0-4505 0-9260 1-0889

The eigenvalues of the 2x2 diagonal submatrices are even better approximations at {—1-895, -7-086},
{6-893,-1-896}, {7-037,0-945}. (The true values given in §3.2 are 7-042, 1-028, —1-964, -7-106.)
In contrast the eigenvalues of the corresponding diagonal submatrices in the Hessenberg form bear

no relation to the eigenvalues: they are {3-564,-3-291}, {6-083,-6-203}, {1-108,-2-380}. The
problem now is clearly ‘How do we determine the eigenvalues of a tri-diagonal or Hessenberg form?’.
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10 John Francis’ Algorithm

According to David Watkins of Washington State University this is the most important algorithm
for computing eigenvalues. It was named as one of the top ten algorithms of the 20th century in
a review by Barry Cipra® alongside the Monte Carlo method and the fast Fourier transform. It
was devised by John Francis, a British computer engineer, about 1960 and published in 1961 in the
Computer Journal, volume 4. ‘Francis’ Algorithm’ is the name Watkins wants it to be known by,
though for many years it was called the ‘implicitly shifted QR algorithm’ because of similarity with
the explictly shifted QR-Schur algorithm of §7. However Watkins argues in the third edition of his
book that the method is sufficiently distinct.

There are in fact two versions of the algorithm in Francis’ Part 2 paper; the first works for
real matrices with only real eigenvalues, and the second works where the matrix elements are real but
there are complex eigenvalues pairs. They are known as the ‘single shift’ and ‘double shift’ methods
respectively and both have these key features:

1. To start, the given matrix is converted to Hessenberg form. I will write the matrix being solved
as H to emphasise that it is the Hessenberg version of the given, starting matrix A.

2. The two versions in effect implement the QR algorithm of §8.1, factorising the n x n matrix
at each iteration into an orthonormal matrix Q and an upper triangular matrix R, and then
reverse multiplying QR into RQ. However, the iteration Hy,;, = Qk_lHk Qy is implemented
in these two stages: a) Ry = Qi 'Hy, b) Hxs1 = Ry Q.

3. The matrix Qg is not calculated explicitly by the Gram-Schmitz method, but instead imple-
mented as if by a sequence of n — 1 elementary matrices, each of which is a rotation about one
axis. This subtle part of the algorithm is explained below.

4. A shift to the diagonal is applied at each iteration, the shift being the current closest estimate
of the eigenvalue in the last row of the matrix. This accelerates convergence greatly for the
reason set out in §8.3. At the end of each iteration the shift is added back. In the single shift
version suppose the shift at iteration k is 5. The algorithm in point 1) above can be written
more explicitly as: a) Ry = Q;l(Hk - BI), b) Hyyq — Bl = Ry Qi where the ~ denotes the
appropriate matrix for the shifted diagonal.

5. The single shift algorithm homes in on one eigenvalue at the time, this being the one in the last
row. The algorithm has converged to an eigenvalue, to the required precision, when the shifted
matrix has become singular, with near-zeros in its bottom row and last column. When the
shift is added back, the eigenvalue appears in the bottom right corner. At this stage the matrix
is deflated by deleting or ignoring the last row and last column. Subsequent iterations home
in on the next eigenvalue which is in the last row of the deflated matrix. In the double shift
algorithm two rows are dealt with together, these containing complex conjugate eigenvalues.

Francis recognised that working with the Hessenberg form not only requires far fewer multiplication
and addition operations than with general matrices, but enables some cunning simplifications. He
states that the QR factorisation can be done with order n? operations instead of n3.

10.1 Francis’ single shift algorithm for real eigenvalues

In this account I assume that the matrix diagonal is already shifted, so drop the " accents on the
matrices Qx and Ry.

8 SIAM News, Vol. 33 No 4, May 2000

47



Perhaps the most important ingredient in Francis’s algorithm is the way the Hessenberg
matrix is factorised and multiplied. Recall that in the Jacobi method, §7, off-diagonal elements are
eliminated (set to zero) one at a time by pre- and post-multiplication by a rotation matrix P as at
Eqgs 27 and 28. When only pre-multiplication is used, the rotation matrix is called a ‘Given’s rotator’
after Wallace Givens. Consider the elementary step

c s\(f g\ _(fc+ds gc+hs
(—$ q:) (d h) B (dc[:—f$ hq:—g$) (39a)

2

where ¢ +82 = 1, ¢ = cosf, s =sinf. The element dc — fs will be zero if
d d
tanf=—, ¢ = i, s=—, T 2=d*+f%. (39b)
/ Ty T

With this substitution the product is

T l(fg+dh))
(0 ;fh—dg) . (39¢)

The significance of this is only fully seen when the 2 x 2 rotation matrix Eq 39a is embedded in a
larger identity matrix. For a 5 x 5 case and with appropriate values of ¢ and s

cpt s1 0 0 O0\fa; ax a3 as as Ty a) ay a) af
—381 C1 0 0 O bl b2 b3 b4 b5 0 bé bé b;l b’5
ql_lHk = 0 0 1 0 0 0 Cy C3 C4 Cjy = 0 Cy C3 C4 Ch =TIy
0 0 0 1 010 0 ds dyg ds 0 0 ds d4 ds
0 0 0 0 1IJ\0 O 0 e e5 0 0 0 e es

ap by
where T1=\/a%+b%, clr=—, 8 =—,
T T

1 1
a;- = (CLj(Bl + bjSl) = Fl((haj + blbj), b; = —aj$1 + bj(Bl = ﬁ(albj - blaj) .

Matrix qq ! is an elementary rotation and ry is the first step in moving towards a triangular matrix.
The number of superfix primes ’ on an element denotes the number of times it has changed so far.
Observe that only the first two rows have been changed by this operation. Now a rotation is applied
to the second row:

1 0 0 0 0\(Th da af a}f aj Ty afy af a) al
0 o s 0 0] 0 b b5 by b 0 Ty by b bl
Q2 'r1 = [0 -89 2 0 O} O ¢ 3 ea s =10 0 s | =r2
0 O 0 1 0 0 0 dg dy ds 0 0 d3 d4 ds
0 O 0 0 1 0 0 0 e es 0 0 0 e4 ey

1 1
where Ty =\/by?+c3, b} = E(béb; +eoc5), €)= E(b'zcj - cab}).

With n — 1 such rotations the matrix is transformed to the triangular r, ;7 = R and the orthogonal
matrix Q! for this iteration is the product qn_1'....q2 'q1~'. That completes the first half of the
iteration. In each row one \/ operation plus 2 x and 2 + operations are required to calculated T,
¢ and s, then a further 4(r — 1) x operations where r is the index of the row. This accumulates to
n—-1,/and 2(n+2)(n—1) floating point multiplication or division operations.
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The second stage in each iteration is Rx Qx = Hyx,1. The inverse of Qkfl is simply its
transpose in the case of real matrix elements, or conjugate transpose in the case of complex ones. It
reconverts the triangular form of R back into the Hessenberg form Hy 1

af oy as a4 as

B By B3 P1 PBs
=10 0 13 % 5] =-s1

0 0 0 44 65

0O 0 0 0 e

Qa1 Qg a3 Q4 O3\ fC1 —9%1
0 B2 B3 Bs Bs|ls1 <1
Rar =10 0 v 7 7
0 0 0 44 5
0 0 0 0 e

o O O

O O = OO
o= O O O
_ o O O O

0
0
0

!/ A l4 4
where o] = ajc1 + aos1, @y =-a181 +ct, [ =Pes1, Py =Pt

s1 is the first step in moving towards the Hessenberg matrix. Observe that only the four top left
elements have been changed. Next a rotation is applied to the second row and it changes elements
only in columns 2 and 3:

of oy as ag az\ (1 0 0 0 O of of of as as
Bl By Bs Ba Bs| |0 ¢2 —s2 0 0 Bi BY By Bu Bs
s1g2 = [0 0 3 74 | |0 s2 2 0 Ol =0 5 5 v | =s2
0 0 0 64 6|0 O 0 1 O 0 0 0 64 95
0 0 0 0 e 0 0 0 01 0 0 0 0 e

" ’ ’ I
Here Oy = QT + 382, (3= —0y8y +Q3C2,

o = Byco + B3sa, B4 = Bhsa+ Baca,  vh =382, V5= Y3C2.

In n -1 such operations Hy.1 has been calculated. That completes the second and final half of
the iteration. I calculate that 2(k + 1) elements are changed in multiplying by qi and that 2n? — 2
floating point x operations are used in this second part. Therefore the total number of multiplication
or division operations in a full iteration is 2(2n + 3)(n — 1) ~ 4n? + 2n.

The reader will see that the rotation matrices qx and their inverses do not need to be formed
explicitly. A great simplification for computer storage and CPU time comes about because the matrix
multiplication is rendered through x operations on a few matrix elements at a time.

I have not yet explained why the algorithm is called ‘single shift’. The reason is simply that
at each iteration the best current estimate, p, of the real eigenvalue being sought is subtracted from
the diagonal of the matrix. This was mentioned in item 4 on the first page of §10.

The algorithm is primarily a very efficient method for finding eigenvalues but not eigenvectors.
In principle the eigenvectors of the given matrix can be found from those of the deflated near-
triangular matrices when the algorithm has converged to an eigenvalue. This would have three
stages:

1. find the eigenvector of the resulting near-triangular matrix ?,

2. convert it to the corresponding eigenvector of the Hessenberg matrix using the product of all
elementary matrices q,

9 The final two eigenvalues are found by solving the 2 x 2 sub-matrix on the diagonal in rows 1 and 2 rather than by
reducing the matrix fully to triangular form. The eigenvectors would be found by solving two simultaneous equations
derived from these two rows.
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3. convert it to the corresponding eigenvector of the original matrix using the transformation
matrix P as at Eq 38.

This would involve considerable matrix multiplication. It may be simpler, therefore, just to find
the eigenvectors as a separate and subsequent operation using, for instance, the LU decomposition
method of §5.1.

10.2 Numerical example

Staying with a 5 x 5 matrix, I will used C of §9.2, Eq 35 since we already have its Hessenberg form
Eq 36. The first stage is to find the eigenvalue 5 associated with the bottom row. Start with no
diagonal shift and apply the first rotation matrix to eliminate the element at (2,1). This matrix q
and the resulting qCyy are respectively

0-7625 0-6470 0 0 O 6-557 -1-689 1-924 -0-986 -2-507
-0-6470 0-7625 0 0 O 0 -7-091 4-735 -2-835 -3-923
0 0 10 0F, 0 2-363 2-863 1-334 -0-848
0 0 010 0 0 0-894 -4-620 -1-575
0 0 0 01 0 0 0 3-880  2-257

Notice how element (2,1) is now zero. Proceeding to apply similar rotation matrices to rows 2 and
3, then 3 and 4, their accumulated product is a matrix Q. This and the resulting triangular matrix
QCy are

0-762  0-647 0 0 0 6-557 -1-689 1-924 -0-987 -2.507
0-614 -0-723 0-316 0 0 0 7-475 -3-587 3-112  3-454
-0-200 0-236 0-928 0-208 0 , 0 0 4-307 -0-598 -2-327
-0-032 0-038 0-151 -0-748 0-645 0 0 0 6-015 2-309
0-0274 -0-032 -0-127 0-631 0-764 0 0 0 0 1-005

The second stage of this first iteration is to right multiply in turn by the inverse row rotation matrices
q !, the net effect being (QCy)Q ™! which is

3-907 5-85 -0-129 -0-867 -2-548
4-836 -6-541 -0-920 -0-352 4-817
0 1-362 3-873 -0-406 -2-703
0 0 1-249 -3-007 5-559
0 0 0 0-648 0-768

Thus we arrive back at a Hessenberg form. There is no shift to add back.

We start the second iteration by applying a shift. The bottom right 2x2 matrix (30% 5322
has eigenvalues 1-5574 and —3-7965, so we choose the one closest to the element 0-768 to be the shift
value, viz. 1-5574. In this iteration stage one produces a triangular matrix and stage two another

Hessenberg one. These are respectively

5-377 -4-725 -0-884 -0-696 3-219 -1-901 6-685 -2-024 0-2111 3-229
0 8-910 0-636 -0-680 -4-759 8015 -3-751 0-739 0-380 —4-890
0 0 2-569 -2-487 0-956 |, 0 0-393 1-010 3-518  0-375
0 0 0 3-895 -5-880 0 0 1-893 -4-335 -5-232
0 0 0 0 0-192 0 0 0 0-032 0-189

and at this point the shift of 1-5574 is added back to the diagonal.
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On starting iteration 3 the shift derived from the bottom right 2 x 2 matrix is 1-7094. At
iteration 4 the shift is 1-73058, then 1-73064167, and at iteration 6 is 1-730641647064. The bottom
row of the Hessenberg matrix before the diagonal shift is added back is now

1-2F49 1-8E_19 8-6E_91 -1-77E_21 -1-8E_17;

that is the bottom right element is essentially zero. Adding back the shift gives the Hessenberg

matrix
-8-733 -0-926 -0-682 -1-247 5-864

0-497 6-060 -1-007 -0-917 -0-933

0 0-207 -3-690 1-961 4-574
0 0 0-390 3-633 -2-448
0 0 0 0 1-7306...

and now the bottom row is zero except for the last element, which must be the eigenvalue
1-7306416470644.

The algorithm next deletes (or ignores) the last row and last column and continues with
the residual 4 x 4 matrix. The bottom 2 x 2 matrix of this is (3590 3255) and from this we take
the eigenvalue 3 - 7356, this being the closer to element 3-633. Continuing in this way, the staring
Hessenberg matrix is deflated until it is only the 2x2 ( _5%%)_35 éjégg) with eigenvalues —8-703099780845

and 6 - 002887274905, correct to 12 decimal places.

The shift and deflate strategies lead to rapid convergence. The convergence criterion was
that the change between iterations be less than 1078, 6 iterations were required for the bottom
row’s eigenvalue, 6 for the next, 5 for the next, then 2, and the last two are solve for analytically.

It is easy to find the eigenvectors of the final Hessenberg matrix by back substitution, and
I have obtained these. However, they are of limited use in themselves. In order to relate them to
the eigenvectors of the staring Hessenberg matrix and hence to the original given matrix, it would
be necessary to trace back through the sequence of rotation matrices Q for all the iteration for all
eigenvalues. Francis does not discuss obtaining the eigenvectors. I have calculated them by the
traditional direct method, outlined in §1, of substituting the eigenvalue into the original matrix
and solving the resulting set of simultaneous equations for the components of the eigenvector. For
example, if the eigenvalue —8 - 7031 is subtracted from the diagonal of C, we obtain the following
row-equivalent triangular matrix by using elementary row operations, much as in LU decomposition:

13-703 1 2 -3 1 13-703 1 2 -3 1
3 9-703 -4 ) 2 0 9-484 -4-438 5-657 1-781
2 -3 7-703 4 -1 - 0 0 5-939 6-314 -0-555
-2 1 2 4-703 1 0 0 0 0-575 1-195
1 2 2 7 6-703 0 0 0 0 0

When multiplied by the eigenvector, this equals the zero vector. We may therefore take the bottom
component of the eigenvector to be 1 and obtain the others by back substitution. The result is

-1-01957
2-12960
2-30319

-2-07844

1
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This article has concentrated on finding the real eigen pairs of real matrices, touching on
complex eigenvalues of real matrices only lightly. However, it would be missing a great deal if I
were not to outline John Francis’ second algorithm, previously called the ‘implicit double shift QR
method’ which solves real matrices for real and complex pairs of eigenvalues. It has been described
by Prof. Nick Higham as the ‘jewel in the crown’ of eigenvalue algorithms.

10.3 Dealing with complex conjugate eigenvalues

If a matrix has entirely real elements, its eigenvalues must all be real or else involve one or more pairs
of complex conjugates. If n is odd, an n x n matrix must have at least one real eigenvalue. The high
rate of convergence in Francis’ the single shift version is attained by subtracting, at each iteration,
the latest best estimate of the eigenvalue from the Hessenberg matrix’s diagonal. Clearly, if the
eigenvalue is complex, a complex shift would be required and we have to conduct the algorithm in
complex numbers. In fact Francis found a clever way of avoiding complex arithmetic, using his double
shift algorithm as described in the next subsection. At this stage, however, let us suppose that, for
whatever reason, we are interested only in the real eigenvalues. Can the single shift algorithm still
be used to finds all of these while perhaps ignoring the complex conjugate pairs? I offer here my own
thoughts on this, with two numerical examples.

At each iteration the diagonal shifts have been chosen by solving the quadratic equations
which yield the eigenvalues of the 2 x 2 submatrices down the diagonal of the Hessenberg matrix. For
an n x n matrix there will be n — 1 such matrices, each with two eigenvalues. Call these eigenvalues
rj, j=1—-2(n-1). Suppose we calculate all these — not a demanding task — and sort the real values
by absolute size, ignoring the complex ones. It is likely that the largest will be rough approximation
to the largest real eigenvalue of the whole matrix, and possibly similarly for the smallest. Either of
these can be used as a trial shift to see if the iterations converge. I have written a computer program
to see how this works in practice. The program uses the following procedure to select the diagonal
shift at each iteration:

e for the first iteration for each new eigenvalue, the shift is the largest (in absolute value) of the
real r;j,

e for subsequent iterations the shift is set to the nearest (in absolute value) of the current set of
rj to the last shift used,

e a limit on the number of iterations is set to a small number, say 10. If there has not been
convergence to an eigenvalue by then, another real r; may be chosen as starting point and we
try again

e if it appears that a real eigenvalue has been found, the latest Hessenberg matrix is checked to
confirm that it has only one non-zero element, in the last row, last column. More than one
non-zero element is incompatible with a real eigenvalue.

In limited trials I have had some success with this rough and ready approach. The first

example is the 6 x 6 matrix
-5 1 2 -3 1 3

3 1 -4 5 2 -4
2 -3 -1 -4 -1 O
M = 2 1 2 0 4 1 (40)
1 2 -7 -2 5
4 -3 -3 0 7 1



This has only two real eigenvalues —9 - 97116 and -4 -41896. The complex conjugate pairs are
4-128837 +1¢0- 251512 and 0- 066222 + 74 - 057590. To three decimal places the Hessenberg form is

-5 2-401 -2-570 -1-083 0-8%% 3-110
5-831 -1-147 5-747 -2-942 2-333 3-063
0 5-068 -2-993 -1-578 1-671 2-225
0 0 8§-801 -2-018 0-383 -6-286
0 0 0 3-539 1-044 -3-243
0 0 0 0 -0-224 4.114

The r; values for successive 2 x 2 submatrices down the diagonal are

1-13495, -7-28201
3-40492, —7-54547
Complex conjugates  ignored
1-43637, -2-41013
4-33509, 0-82332.

The largest absolute one —7-54547 and this is taken as the shift for the first iteration. At the start
of the second iteration new r; values are found from successive 2 x 2 submatrices down the diagonal

of the new Hessenberg matrix. They are

4.07483, -5.36422
Complex conjugates ignored
1-02110, -5-08356
1-17397, —6- 50568
4-12759, -4-77574

The nearest of these to the previous shift is —6 - 50568 so this is the new shift. It happens also to be
the current largest. However at the start of iteration 3 the nearest is no longer the largest; the r; are

Complex conjugates ignored
2-03813, —-5-94380
1-16675, -8 24092

Complex conjugates ignored
4-03213, -4-91037

The shift used here is —5-94380. At iterations 4 to 7 the shifts are —4-66575, —4-419081, —4-41895887
and —4-418958763 and here the process has converged on the eigenvalue —4 - 4189587629587 correct

to 13 decimal places. The Hessenberg matrix at this stage is

3-231 2-309 3-614 5-911 -0-921

0-80 -2-788 -2-943 -5-532 3-166
0 5-103 0-243 -0-549 -6-382
0 0 2-647 -1-839 6-121
0 0 0 8-789 -0-408
0 0 0 0 0

-1-023
3-109
0-814

-1-388
0-536

-4-4189...

whereupon it is deflated by ignoring the last row and column. Notice how the eigenvalue has been
pushed to the bottom. The search for the next eigenvalue is in the 5 x 5 matrix and starts again
with the largest r; which is —8-504.... At successive iterations the nearest r; happens in this case to
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be the largest and at the end of iteration 5 there is convergence on the eigenvalue -9 -971160. The

matrix is deflated to 4 x 4:
3-943 1-312 -2-357 3-995

0-310 3-952 -1-885 5-458
0 8§:-022 1-456 -0-930
0 0 2-006 -0-961

and this in fact has only complex eigenvalues. Of course the algorithm does not ‘know’ this so
evaluates the r; values. Only the first (top left) 2x2 submatrix has real eigenvalues, so r1 = 4-5851795
and ry = 3-30976. The larger of these would be applied as the shift. At iteration 2 the r; values are

4-70729 0-05877
Complex conjugates ignored
4-5851795 -0-96113

and it appears that it has converged on 4-5851795 as an eigenvalue since this is not just near to the
previous shift but identical. However, it is easily seen that this would be a false conclusion because
the Hessenberg matrix at this juncture is

3-3098 1-3040 0-0782 1-5836
3-4841 1-4563 -6-368 —-3-5398
0 3-3810 -0-5446 6-9581
0 0 0-3071 4-1686

that is, it has two non-zero entries in the bottom row, not just one. This is inconsistent with a real
eigenvalue so the process should stop and conclude, perhaps tentatively, that there are only two real
eigenvalues — the two already found. Another clue comes simply in observing the difference between
successive iterations to see whether they are converging or varying in a seemingly random manner.

My second example is the 7 x 7 matrix

1 2 -3 1 3 -4
1 -4 5 2 -4 0
-3 -1 -4 -1 0 8
1 2 0 4 1 -9
2 2 -1 -2 5 -1
-3 -3 0 7 10 1
1 4 -3 6 -2 1

opp)—lwwwclﬂ

This has 5 real eigenvalues and one conjugate pair. The algorithm works smoothly and solves for all
real eigenvalues in the order listed below. I have listed also the shift applied at the first iteration for
that eigenvalue, and the number of iterations to converge within the 107 criterion.

1st shift iterations eigenvalue

10 - 22453 ) 9-735439
12- 58435 3 12- 578527
3-31636 3 3-318528
—-6-15014 ) -6 -557620
-3-53107 4 -2-932474

Note how good the initial shifts are! The final 2 x 2 matrix has only complex eigenvalues, and as a
bonus the program finds these to be —6-0712 +¢5 - 8022.
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10.4 Francis’ double shift algorithm for complex eigenvalues

Francis was working in the early days of computers when memory and storage imposed severe con-
straints. He wanted to find a way of dealing with complex conjugate eigenvalues without resorting to
complex arithmetic. He therefore exploited the fact that a shift by one complex conjugate and then
by the other would result in the equal and opposite imaginary components cancelling each other,
leaving a purely real number. The double shift algorithm, therefore, involves shifting by the two
complex conjugates in succession with the arithmetic worked out as if this were a single iteration.
The numbers remain real throughout.

We need to prove that carrying out two single shift iterations in succession is equivalent to
factorising the product of two shifted version of the same matrix. Suppose that Hg is the Hessenberg
form of the given matrix A. I will write out the shift explicitly. As a point 4 at the opening of §10,
Hg - 5ol is first factorised into Qg Rg, then Hy — 5yl found by reverse multiplying. We thus have

Hp - Bol

H,; -1

QoRo, H; -5 = RoQo, (41a)

Qi1R4, Hz-51 = R1Qa. (41b)

These are the two shifts of the double shift algorithm. Now consider what matrix would have the
factorisation (Qo Q1)(R1Rg)? The answer is found by substituting from Eq 41a, b:

(QoQ1)(R1Rp) = Qo(QiR1)Ro = Qo(H;-5I)Ro

= Qo(Ro Qo + Aol - B1I)Ro
= (QoRo) (QoRo) + (60-51)QoRo
= (Ho - foI)* + (Bo—B1)(Ho - Bol)
= Ho” - 260Ho + 531 + foHo — $1Ho ~ 551 + o511
= (Ho - BoI)(Ho - 11) . (41c)

Thus the product matrix G = (Ho—5pI) (Ho—511I) will factorise into the orthogonal matrix Qo Q1 and
the upper triangular matrix Rq Ry (since the product of two triangular matrices is itself triangular).
So two shifted iterations can be done as one by operating on the product G. Moreover, if Sy and 51
are complex conjugates, B, +i0;,

G - Ho?-26,Ho + (82 + )1 (42)

which is entirely real. This is just what Francis was looking for — the problem solvable using only
real arithmetic.

Again the properties of Hessenberg matrices and their manipulation by Givens rotators and
Householder reflectors save us from having to calculate G explicitly before factorising it. As with
the single shift algorithm, we operate column by column in a process known in the trade as ‘bulge
chasing’. The details, which are quite involved, are given in the Part 2 paper by Francis and explained
in the books by David Watkins referenced in §1. I refer the interested reader to these.

John Coffey, August 2016
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11 Appendix 1 : Solving the sum of several geometric series

11.1 How the sum arises in the Power Method

This Appendix extends §3.1 and §3.2 on the basic power method. Sequences of differences between
successive iterates of the power method (obtained by multiplying by the given matrix mathbfE)
have the structure of the sum of several geometric series. At Eq 8 we saw the general term of the
most dominant series whose common ratio is 7 = Aa/A1. Eq 9 shows how series can be summed to
infinity and so give a much closer estimate of the Ay and its eigenvector p;. Here I evaluate the next
few terms in the difference 6,,41 = v(m+D) _y(m) and show that each of these is the general term of
a further geometric series. Each series is readily summed to infinity by the formula ‘a/(1 - r)’ that
we learned at school.

The starting point is the approximate eigenvector given at Eqs 2 and 3. 1 simplify the
problem by assuming that only three eigenvalues contribute; that is the eigenvector estimate at the
m'" iteration is

Vi & (p1+Cr"pa+ Ds"p3)(1-Cr™ - Ds™ + ...). (AL.1)
and neglect higher terms. I have also simplified the notation from §3.1 as follows
Vi = v(m), C = 6—2, D= 0—3, r= ﬁ, s = é, Yo = O™+ Ds™.
C1 C1 )\1 )\1

Eq Al.1 follows after the Taylor expansion has been taken of the denominator by which v, is
normalised. The difference between iterations 0,, = Vip+1 — Vi 1S

Cr(1-r)(p1-p2) + Ds"(1-5)(p1-Pps)

+ C*r*M(1=r)py + CDr™s™(1-rs)(p2+p3) + D*s*"(1-s")ps. (41.2)

The geometric series given at Eq 9 in §3.2 is the first of these terms, with common ratio r. Clearly
there are four other series with ratios s, 72, rs and s2. Moreover, the Taylor series expansion of the
denominator (1 + Cr™ + Ds™)~! was carried only to the first order of small quantities. Taking it
to second order will add terms in C?r*™ ete. arising from (Cr™ + Ds™)2. With many matrices the
series will decrease is numerical significance in the order listed above so we might judge it worthwhile
retaining only the first two, in Cr and Ds, or perhaps including the next term in C%?™. T ignore
terms in CDr™s™ and D?s?. The sums to infinity of the three leading series are respectively

C(pr-p2), D(pi-ps), C’pa, (A1.3)

the 1-r, 1—s, 1 —r2 factors in Eq A1.2 cancelling. The vectors p1, p2 are treated as sets of separate
vector components each with its own fitted geometric series. In the numerical procedure the total of
these sums to infinity will be added to the first iterate to give projected values of p; and A;. Bear
in mind that a running set of values v,, is used, consisting of the most recent run of 5 or 6 power
method iterates.

11.2 Multi-variable Newton’s method

The aim is to recover the constant terms and common ratio of each geometric series given a sequence
of 5 or 6 consecutive values of § for a chosen component of the vector. This can be done using Newton’s
method provided the starting values are sufficiently close. To keep the notation uncluttered write
for any chosen vector component

C(1-r)(p1-p2) =C, D(1-s)(p1-p3) = D, C*(1-1")py = €. (A1.4)
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The same will apply to the eigenvalue because it is essentially just the bottom/last component of
the eigenvector before it is normalised to 1. The problem is to find C, D, £, r and s given successive
values of d; which satisfy the equations

b = XD\ - ciDsg,
o3 = XD\ - CcriDs+EF?,
oy = A _X\G) = cr2 4D+ &4, (A1.5)

85 = A _\®)
6 = AO_)\6)

Cr3 +Ds3 + ErS ,
Crt+Ds*+Er8.

These are the triple series formulae. In the double series £ = 0 and g is not needed.

We are familiar from school maths with Newton’s formula for finding a better approximation
to the root of an equation f(x) =0 in the single variable x given a starting estimate:

1
f'(zm)

Where there are N variables, there must be at least IV independent equations for a solution, so both
x and f are replaced by N-vectors x and f. In f each element is an expression to be set to zero.
The derivative f'(z) is replaced by the matrix of partial derivatives with respect to the variables —
the so-called Jacobian matrix, J. The reciprocal 1/f’ is replaced by the matrix inverse J='. The
generalised Newton’s method is therefore

fzm)- (A1.6)

Tm+l = Tm

Xmal = Xm—J 1 f,. (A1.7)

m

11.3 Sum of two geometric series

Solving one geometric series is trivial and certain — the ratio is common to every pair of consecutive
terms. We might expect that solving the sum of two series will require a fairly good initial guess,
and that solving the sum of three series will be even more sensitive to the starting conditions. The
eigenvalue ratios ensure that after a few iterations |C| > |D| since |r| > |s|. A starting value for r can
be taken from d5/d4 or, better, dg/ds5 if 0 has been evaluated.

With D set to d; — C there are only three variables. The matrices x and f, and the Jacobian
and its inverse, become

C rC+ (02—-C)s— I3 r—s C 02 —C
x =|r], f = |r2C+(62-C)s®>—d4]. J=|r2-s%2 2C0r 2(52-C)s |,

s r3C + (62 = C)s> - 85 r3—s3 3Cr? 3(62-C)s>
—6rs 3(r+s) -2
_ 1 (2r+s)(r-s)s (r+2s)(r-s)  r-s

- (r—s)3 e e < |- (AL8)

(r+2s)(r=s)r _ (2r+s)(r-s)  r-s
d2—C 62—-C 62—-C

Here is a demonstration that the method works for one made-up example series. Table 5
lists the first terms, common ratios and first few terms. The first approximation is C < 13, say 12,
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2 3 4 5 6 7 8
first ratio
10 0-7110 7 4-90 3-430 2-4010 1-6807 0 1-176490

3 0-4] 3 1-2 0-48 0-192 0-0768 0-03072 0-012288
sum | 13 8-2 5-38 3-622 2-4778 1-71142 1-188778

Table 7: Test sum of two geometric series. The top line gives the indices j of 4;.

and r ~ 8-2/12 =0-68. Take s to be something smaller, say 0-3. do =13, d3 = 8-2, etc. from Table
2. fis (0-26,0-2588,0-1782) and the iterated matrix x develops as follows

12 10- 428 112236 10- 3355 9-99614
0-68], |o0-604|, 0-6905], |o0-6958 |, [0-69996
0-3 0-474 03206 0- 4047 0-39947

This is very close the the exact values of C =10, r =0-7 and s = 0-4. The second starting value D is
found from 13 -9-996. In §9.4 below I present a more precise scheme for obtaining initial values.

To check sensitivity to starting values I evaluated the following sequence

6 5-656 8- 688 10-5925 9-99618
0-91, (0-801}, |0-697], 0-6947 |, |0-69987
0-5 0-505 0-457 0-3962 0-40122

This is not computationally involved and the results are encouraging.

11.4 Sum of three series

Moving to three geometric series, the computational effort is in inverting the 4 x 4 matrix. However,
with symbolic algebra software this is readily obtained and the formulae can be cut and pasted into
computer code. My limited experience with three series is that the biggest practical difficulty is
in obtaining a sufficiently close starting estimate for Newton’s method to converge. Any computer
program should continue with triple series only if there is convergence. Note that this is not the

most general 3-series case because the ratio of the third series is 2.

We need a vector f with 4 expressions plus £ =d2 —C - D.

C sD+12(6-C-D)+7C - &3

< - D o 2D +rt (6 -C-D)+r2C 4
| TS D+ (6 -C-D)+r3C -5
s sAD+18 (6 -C-D)+r*C -5

r—r? s—12 2r(62-C-D)+C D

7 - 4 1 4r3(6-C-D)+2rC 25D
B P 3-8 6r°(0,-C-D)+372C  3s°D
rd -8 st—r8 877 (6 -C-D) +4r3C 4$3D

(A1.9)

The terms in 7%, 5%, 78, s® should make us concerned that the route to a solution in likely to be

sensitive to the input values.
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As expected, J7! is complicated. Since we want formula into which numbers will be substi-
tuted, I give the inverse of a general 4-by-4 matrix which can be matched to J:

1 ta t3 14
Uy U2 U3 U4
v vy V3 U4
w)p w2 W3 W4

The determinant A is obtained from the four 3 x 3 cofactor submatrices:

A = t1 [ue (v3wg — vaws) — uz (Vowy — vVywe) + uyg (Vows — V3we) ]
—tz [u1 ('1}3 Wy — Vg w3) —Uus (1}1 Wy — Vg wl) + Uy (1)1 w3 — U3 wl)]
+tg [ug (v wy — v4we) — ug (V1 Wy — vyawr) + ug (V1 W — Vo w1)]
—t4 [ul (’U2 w3 — U3 wg) ] (’1)1 w3 — U3 wl) + Uus (’1)1 w9 — V2 wl)] .

The notation can be condensed by observing that each 2 x 2 determinant is identified by its first
product. For example (vsw4 — v4ws) can be abbreviated to {vsws} without confusion. Using this
shorthand the determinant is

A =ty [ug{vsws} — ug {vows} + ug {vows}]
—t9 [u1 {?}3 w4} —us {1}1 w4} + Uyg {Ul wg}]
+t3 [ul {1}2 w4} — U {Ul w4} + Uy {Ul wg}]
—ty4 [U1 {’Ug wg} — U2 {’Ul wg} + us {’Ul wz}] .

In the inverse of J each element is the sum of three terms. J = 1/A multiplied by the following
matrix. Columns 1 and 2 are

{’LLQ Ug} wy + {U4 U2} ws + {U3 U4} w2 {tg UQ} wq + {tz U4} w3 + {t4 ’Ug}’wg
{U3 1)1} wyq + {u1 1)4} w3 + {U4 1)3} w1 {tl 1)3} wy + {t4 ’01} w3 + {t3 1)4} w1
{u1 UQ} Wy + {U4 Ul} Wy + {U2 ’U4} w1 {tz Ul} Wy + {tl U4} wg + {t4 Ug}’wl
{UQ 1)1} w3 + {u1 U3} wo + {U3 1)2} w1 {tl 1)2} w3 + {tg '1)1} wo + {tg 1)3} w1

and columns 3 and 4 are

{tg U3} wy + {t4 UQ} w3 + {t3 ’LL4} w2 {tg UQ} V4 + {tz U4} v3 + {t4 U3} V9
{tg ul} wyq + {tl U4} w3 + {t4 U3} w1 {tl U3} V4 + {t4 ul} v3 + {tg U4} V1
{tl UQ} Wy + {t4 ul} Wy + {tQ U4}’w1 {tg ul} V4 + {tl U4} V9 + {t4 U2} U1
{tg ul}wg + {tl 'LL3}’U)2 + {t3 U,Q}wl {tl U,Q}Ug + {tg ul}vg + {tg U3}1)1 .

A test case is listed in Table 6. What guidance is there as to starting values? The ratios of
consecutive terms are 0-656, 072862, 0-76, 0- 78, trending towards about 0-8. Suppose the guess
is r =0-79. If the ratio d3/d, is expanded as a Taylor series in D to linear terms the result is

g—zfdsz ~ T—(T—S)E.
D
Similarly g—z =dyg ~» r—(r-— S)C_j .
Solving these simultaneously gives
D . (r —ds)? N r(r—dys) (A1.10)
C T(d43 —d32)’ T—dgg
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2 3 4 5 6 7 8
first ratio
10 0-8 |10 8 6-4 5-12 4-096 3-2768 2-62144
4 0-3 4 1-2 0-36 0-108 0-0324 0-00972 0-00292
1 064 1 0-64 0-4096 0-26214 0-16777 0-10737 0-06872
sum | 15 9-84 7-1696 5-490144 4-29617216 3-39389 2-69308

Table 8: Sum of three geometric series with first terms 10, 4, 1 and ratios 0-8, 0-3, 0- 8.

With d3o = 0-656, dg3 =0-72862, r=0-79 we find D~ 0-313C and s ~ 0-362. We have to guess a
value for &, suspecting it to be smaller than D. Taking £=1-5,C~ (15-1-5)/1-313 =10-28 and
D ~ 3-22. These are our starting values. The iterations give

10-28 8-704 9-326 10-047 10-00001
3-22 3-115 3-692 3-981 3-99996
0-79 |’ 0-810)" 0-8056 |’ 0-7995 )" 0-80000
0-362 0-238 0-2917 0-2999 0-30000

We can be relieved that it has converged to the correct values.

However — and it is a big ‘however '— the process can vary wildly for only slightly different

starting values. I has found this sequence

11 -0-372 21-04 -1-37 4.-11

4-5 -10-99 2-82 2-388 3-216
0-7 0-92 |’ 0- 866 0-888 0-861])"°

0-35 0-076 0-044 0-153 0-274
-0-598 0-853 0-889 0-8861 0-88609
4-138 4-133 4-117 4-1173 4-11735
0-896 0-885 | 0-884 )" 0-8838 0-88379
0-309 0-304 0-303 0-3033 0-30330

After thrashing around for a few iterations it has settled down and converged, but to a different
solution! It has £ =9-996557 and indeed is a solution over the first five terms only

15, 9-84, 7-1696, 5-490144, 4-29617216, 3-3945, 2.6954

to compare with the bottom line in Table 3. This non-uniqueness is not acceptable though it makes
only a small numerical difference to the sum to infinity — 59 - 2 instead of 58 - 5. For this reason and
because of the greater complexity of the three-series problem, I judge that it is not to be pursued
except in special circumstances. In contrast, on the basis of the little evidence above, the two-series
solution seems reliable. I have therefore used it to enhance convergence of the Power Method.

Had the three-series solution worked more readily and reliably, use could have been made
of it to estimate the second eigenvector po which would be very useful as a starting point for any
iterative process to find it precisely. The basis of this claim is in the simultaneous solution of the
sums to infinity at Eq A1.3. Calling these ¢, Xp, X g respectively,

1 [ o w2
CEC—2=—(20+ 4p12E+E%),
C1 2

P1
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1 —
P2 = E (E% + 2p12E - EC 4p12E+2% ) . (Alll)
E

p1 is the component of the eigenvector already obtained. In Tables 3 and 4 of §3.1 I give an example
of this to find the second most dominant eigenvalue and eigenvector.

61



12 Appendix 2 : A straightforward matrix by the Power Method

This Appendix takes a 5 x 5 matrix with well spaced real eigenvalues and solves it using the direct
and inverse power methods. The aim is to illustrate combined use of these methods, together with
the signs of the pivots of a row-equivalent triangular matrix, in what should be a straightforward
problem.

I invented a matrix with eigenvalues near 9-3, 7-6, 3-1, 0-4 and —1-7 by starting within a
diagonal matrix which had precisely these eigenvalues, then carrying out a similarity transformation
with an invertible square matrix whose elements were from a random number generator. Finally I
rounded the resulting matrix to 3 places of decimal. Calling this G,

8§-711 0-229 1-223 -1-839 3-102
15-772  4-614 15-704 -0-257 -39-179
G =|-4-356 0-036 1-501 1-933 -3-754
15-458 3-824 19-314 3-104 -36-508
1.-568 -0-112 1-092 -0-322 0-770

The trace is 18 -7 and the precise eigenvalues, to compare with the eventual iterated estimates, are

9-30257881867, 7-60429497945, 3-0965570746, 0-400321504951, -1-70375237767.

I have found it useful to obtain a rough picture of where the eigenvalues lie by running a
preliminary computer program which I wrote to shift the diagonal, convert G to a row-equivalent
triangular matrix and count its positive and negative pivots. This is a fairly quick operation, so I
have used a sequence of diagonal shifts at increments of 1 from -2 to +10. The results are best shown
by marks on the number line:

Each * denotes that an eigenvalue lies in that interval. In other words, the eigenvalues are within
+0-50f -1-5,0-5,3-5,7-5 and 9-5.

We will use the direct power method to find A\; near 9-5, choosing a shift of diagonal which
will enhance the ratio to the next largest eigenvector. The midpoint of 7-5 and —1-5 is 3, so try a shift
of 3. The three starting vectors were (1,1,0,0,1), (-1,0,0,1,1) and (1,-2,1,0,1) and from these the
best was chosen after three iterations. Convergence was disappointingly slow. The error criterion,
being the required change from one iteration to the next, was < 1078, and this had not been met
by the single geometric series projection after 33 iterations and, moreover, the algorithm to fit two
geometric series to the differences was failing to converge. I therefore increased the number of allowed
iterations by 5 and changed the shift from 3 to 2. The double geometric series now converged and the
required precision was achieved at iteration 37, giving A; = 7- 302578828 + 2 -0 with error <7 x 1077,
The eigenvector is similarly precise, though I will not quote it to save cluttering this Appendix with
long numbers. The single geometric series’ projected value at iteration 37 was 9-30257884, and the
value from the basic power method multiplication was the disappointing 9 - 30266.

The ratio r of the double series is 0- 76741 which means that the next largest eigenvalue is
5-6041 + 2 -0, in remarkable agreement with the actual value given above. The ratio s predicts the
third largest eigenvalue to be —1-13. In view of the slow convergence I did not attempt the triple
geometric series projection, knowing that it is even more sensitive to the starting values provided.
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It may be that the shift of 2 proved better than 3 because it favoured one eigenvalue (7-3) over the
other (=1-7); in contrast, a shift of 3 places these two eigenvalues equally distance from the shifted
A1 and this perhaps ‘confuses’ the power method.

The strategy I have followed has been now to find the most negative eigenvalue because it can
be made the largest in absolute value by a suitable shift. Since the trace is 18-7 and the most negative
A is about —1-5, the average value of the others is about 5. However, with a shift 5 =5 the required
precision is not achieved after 38 iterations and the double series algorithm has consistently failed
to converge. Suspecting that this may be another case of the power method becoming ‘confused’ by
two eigenvalues almost equally distant from the currently largest, I adjusted the shift to 6. It then
completed at iteration 29 with the two-series projection A = =7 - 703752384 + 6, € < 5-4 x 107, The
ratio r implies another eigenvalue at —5-59947 + 6 = 0- 40053 and another at 3-5609 + 6, this latter
having already been found as A;.

At this stage we have the most positive and most negative eigenvalue and vectors to 8 places
of decimal, plus close estimates of two others at 7-6041 and 0-40053. Since the trace is 18-7, the final
eigenvalue must be close to 3-09655, as indeed it is. The best way to refine these three values and to
find their eigenvectors is to use the inverse power method with shifts equal to these values. I do not
think it worthwhile using the strict Rayleigh quotient formula, Eq 18, because of the need to make
LU decompositions at each cycle. With 7-6041 subtracted from the diagonal the LU decomposition
I used was

1 0 0 0 0\ /1-1069 0-229 1-223  -1-839  3-102
14 -249 1 0 0 0 0 -6-2531 -1-7223 25-947 -83-379
-3-9353 -0-1499 1 0 0 0 0 -1-5483 -1-4153 —4-0432
13-965 -0-1001 -1-3319 1 0 0 0 0 21-894 -93-560
1-4166 0-0698 0-3360 0-0433 1 0 0 0 0 -0-0004

Observe that in the upper triangular matrix three pivots are negative, but the bottom one is almost
zero, meaning that one eigenvalue is almost zero, consistent with the shift of 7-6041 being a close
estimate.

By iteration 5 the eigenvalue estimates changed in only the 7th decimal place to 5128 -
7455055 = 1/0 - 0001949794543, making X\ = 7 - 60429497945, correct in all digits. The eigenvector
was simultaneously found. The same inverse process can be applied to refine the two remaining
eigenvalues and find their vectors. Apart from the slow convergence when finding the most positive
and most negative eigenvalues, the solution of this matrix has been straightforward.
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13 Appendix 3 : A more difficult matrix

In order to test some of the algorithms described in the main text, I have contrived a 6 x 6 matrix
with some eigenvalues that are close together, since this condition is known almost to challenge both
the Power and QR methods. The matrix has been created by starting with a diagonal matrix D
with prescribed eigenvalues as diagonal elements:

7-02, 6-9, 4-02, 3-95, 1-0 0-05.

This was transformed into a general non-symmetric matrix A by a similarity transformation SDS™!
using a random square matrix S. The values were truncated at four decimal places, so the eigenvalues
are not exactly the values above, but close. The test matrix is

4-5414  -1-6042 -2-5242 0-8774 -0-4240 -0-7963

11-1351 -3-1788 -9-6235 3-7092 -1-3859 -0-5861

A - -17-6652 7-7166 13-0719 -3-7933 1-0398 -0-2998
-24-0686 10-8624 12-5539 -1-2481 1-3831 0-5853
11-6915 -11-2681 -5-5112 2.6536 3-7486 -1-2444

—=7-2994 1-1925 1-0205 -0-5831 -0-3835 6-1250

13.1 Preliminary assessment

We pretend we have no idea of the eigenvalues. It is not necessary to apply the bound estimates
on the eigenvalues of items 14, 15 16 of §2, but they may be a guide to a strategy for solution to
get a rough idea of where the eigenvalues lie. The trace of A is 2306 and of E? is 129 -868. The
Wolkowicz and Styan parameters (§2, item 16) are m = 3-843333 and s = 2-621727, and their criteria
place the lowest and highest eigenvalues in these rather generous intervals

-2-02<X6<2-67, 5:-02<A; <9-71.

Another way of getting bounds is to transform to a row-equivalent triangular matrix T and count the
signs of the diagonal elements. Diagonal shifts by subtracting 51 can be used to move the boundary
between positive and negative pivots. With 8 = 0 there are 6 positive pivots, meaning that all six
eigenvalues are positive.

13.2 QR-Schur iteration

I have applied the QR algorithm with shifts of 0 to 2-5 in steps of 0-5. At each iteration the computer
program also evaluated the eigenvalues of all 2 x 2 submatrices on adjacent rows down the diagonal. I
looked for evidence of geometric series in these 2 x 2 eigenvalues and also in the the diagonal elements
of the iterated RQ matrices.

The behaviour with zero diagonal shift is not dissimilar to that with shifts of 1 or 2. This is
RQ after iteration 30, to 4 places of decimal:

6-9589  —0-0442 -1-1689  3-3572 —13-2610 -24-0762
~0-0815  6-9610  -2-5133  1-6856  4-2697  7-8984

4-12p_7 -5-T5g.¢ 3-9635 —0-0118 11-4650  30-3903
-2.22p.s -2-87p; -0-0633 4-0067 4-5184  5-6211

109594 -2-98p_93 —-1-47p_17 7-09p_15  1-1000 2496
~1-3lpgo -1-87Tp59 -1-12p 53 4-28p.54 —6-6Tp_37  0-0699
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The below-diagonal elements show that there is full convergence to the last two eigenvalues,
1-1000354966611 and 0.069933443993549, which do not change even in the fifteenth decimal place
at the next iteration. However the elements in positions (2, 1) and (4, 3) are not vanishingly small,
meaning that the upper four diagonal elements cannot be taken as precise estimates of the larger
four eigenvalues. Rather, the eigenvalues of the 2x 2 matrix on the diagonal in rows 1, 2 and columns
1, 2 are found to be 7-01997 and 6.89994, which are A\; and Ao correct to 5 decimal places. The
equivalent matrix in rows 3, 4 and columns 3, 4 has eigenvalues 4 - 01986, 3 - 95026 which are A3
and A\g. Clearly here is another case where the eigenvalues of the diagonal 2 x 2 submatrices are
a much stronger estimate of the eigenvalues of the whole matrix than the bare diagonal elements
themselves.

It is not necessary to go as far as iteration 30 to obtain useful estimates of the \;, j = 1,6,
especially if the plan is to use all the values from QR as input to the Inverse Power Method. The
computer program took each 2 x 2 submatrix down the diagonal of RQ and solved its characteristic
equation by the usual quadratic formula to give two eigenvalue estimates. There are therefore five
pairs of estimates at each iteration. These are plotted in the left panel of Figure 4 which is for zero
diagonal shift. The same colours are used for the same pair, with the higher value plotted as a small
circle and the lower as a triangle. The plot makes it clear that there are six eigenvalues, two pairs
of which are close together, and the least is near zero. The colour key in Figure 4 continues into the
right panel, which shows the differences between successive iterates on a logarithmic scale. A straight
line here indicates convergence as a geometric series. Two curves (blue circles, green triangles) have
clearly not settled to straight lines, but the other eight are almost straight apart from their last point,
which may be due to rounding errors (burgundy circles, yellow triangles). We hope for geometric
series on six estimates which should produce usefully accurate eigenvalues.
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Figure 7: Convergence of eigenvalue estimates from 2 x 2 diagonal submatrices from iterations 6 to
15. Left: \; estimates,. Right: Logarithm of differences d; = A; — A\j_1. No diagonal shift of matrix.
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The lowest line in the right panel is for the smallest eigenvalue, \g. It clearly converges very
rapidly, and indeed the last point does not lie on the straight line probably because of rounding
errors. The ratio of differences at (iteration 8/iteration 7) is 0-0171 and consequent sum of the
geometric series is 7-5x 10713, This gives A = 0-069933443993547 which is in error by only 2 in the
last decimal place. High precision is also attained with the two estimates of A5 (burgundy coloured
triangles and open circles). These each lie convincingly on a straight line. At iteration 8 the values
of A5 projected from the corresponding geometric series are 1-10003554 and 110003551, to compare
with the true value 1-10003549666. By iteration 12 one estimate has become correct to 9 decimal
places and the other to 10.

The other plots in the right panel have lower gradient and some curvature which means that
the common ratio in the fitted geometric series is large. The two orange curves in particular are
converging slowly. Eigenvalues from these solutions of the 2 x 2 characteristic equations are going to
be less precise and less confident. Table 10 lists the values I obtain using the sections of plot in Figure
4, right panel, which appear locally most like a straight line. For reference, the precise eigenvalues
are given alongside. These estimates are not good enough in themselves, but the eigenvalues have
all been separated and the estimates are good enough to input to the Inverse Power Method, which
will also provide the eigenvectors.

blue circles iteration 14, 15 A~ T7-02 | 7-01997321188480
blue triangles iterations 12, 13, 14, 15 | Ao~ 6-899 | 6-89994138219623
orange circles iterations 13, 14, 15 Ao~ 6-97 | 6-89994138219623

burgundy circles | iterations 12, 13, 14, 15 | A3 ~4-020 | 4-01985644547121

green circles iterations 12, 13, 14, 15 | A3~ 4-022 | 4-01985644547121

green triangles iterations 14, 15 A =39 | 3-95026001979312
orange triangles iterations 13, 14, 15 Ao~ 3-955 | 3-95026001979312

Table 9: Eigenvalue estimates from characteristic polynomials of 2x2 diagonal submatrices, estimates
by fitting geometric series at selected iterations.

To complete the story, here is the inverse power method with a shift of 692, this being an
average of the two Ay estimates in Table 10, weighted roughly according to their precision. I chose as
starting vector (1, =1, 1, 0, =1, 1) and used LU decomposition as in §5.1. I kept the shift constant
at 6-92 since to do otherwise (as in Rayleigh iteration) involves a new LU decomposition at each
stage. It takes to iteration 10 for the change in the eigenvectors to be in the fifth decimal place,
and iteration 13 in the seventh. At iteration 16 the changes in the all the vector components are
less than 5 x 10710, The (shifted inverse) eigenvalue is —49 - 8538838 = 1/ — 0 - 020058618 which when
shifted back is 6 - 8999413822, correct to 10 decimal places. The eigenvector is

0-599783708
2-999185988
-2-6992173670
-2-999024143
-6 - 698556985
1

13.3 Francis’ single shifted QR algorithm

This powerful algorithm uses the convergence-enhancing devices of diagonal shifting optimised at
each iteration, deflation and QR - RQ decomposition, so has in-built all the features described
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above. The first step is conversion Hessenberg form, the result, written here to 3 decimal places,
being

4-541 0-186 0-434 -2-552 -0-792 -1-779

34-718 1-923 -0-849 -23-318 -7-991 -10-568

0 1-994 5-188 5-040 -1-210 -1-04
0 0 0-393 0-039 -1-712 -2-180
0 0 0 1-164 7-458 0-769
0 0 0 0 -1-173 3-910

The search is firstly for the eigenvalue associated with the sixth row. Initially the diagonal shift is 0,
and for subsequent shifts I used the eigenvalue of the bottom diagonal 2 x 2 matrix which is closest
to the bottom right matrix element. These converge to the eigenvalue of the total matrix in the
sequence over five iterations, as follows:

0, -0-05166, 0-062667, 0-0698927, 0-06993344457,

and at this stage the eigenvalue 0-0699334439935 has been found to better than 1078, The matrix is
now deflated by ignoring the last row and last column, and the search for the eigenvalue associated
with the new bottom row starts using a shift of 1-00839, this being the smaller eigenvalue of the
new bottom diagonal 2 x 2 matrix.

Numbering the eigenvalues by their row, number 6 is found in 5 iterations, number 5 in 4,
number 4 in 4, and number 3 in 2 iterations whereupon the last two eigenvalues are found by solving
algebraically the residual 2 x 2 matrix. So only 15 iterations have been needed. A check on the
calculated eigenvalues shows that they add to the trace of 23-06 with a discrepancy of only 3x 10716,
No wonder this algorithm has been so highly praised and so widely used.
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